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Current	status	of	infla>on	
Infla>on	is	in	a	very	good	status	

COSMOLOGY 7

reasons a detection of the primordial gravitational waves from inflation would be of
outmost importance. The privileged signature would be a specific pattern (curl-like)
in the polarization of the CMB, the so called B-mode polarization [22, 23]. The rea-
son is that such a signal could be produced only by gravitational waves, and not by
scalar curvature (density) perturbations (which can generate only E-mode curl free
polarization), making the B-mode on its own a smoking gun of primordial tensor
modes 3 Finally a detection of inflationary gravitational waves would have a revolu-
tionary impact, not only for Cosmology, but also for Fundamental Physics. It would
clearly point towards physics beyond the Standard model of particle physics and
moreover, it would be the first observational evidence of a process deeply related to
quantum gravity.

In Fig.METTER FIGURA DA PLANCK we show the best constraints in the
(r,ns) plane, and the implications on some of the most interesting and popular slow-
roll models of inflation. The constraints have been obtained from the full mission
temperature data of the Planck satellite in combination with a first release of large
angular scales polarization data. In particular, summaryzing some of the most im-
portant results, in turns out that the Planck data measure the scalar spectral index of
the curvature perturbations [16]

ns = 0.968±0.006 (68% CL) , (21)

and it strongly constrain their scale dependece,

dns

d lnk
= �0.003±0.007 (68% CL) . (22)

As far as the amplitude of the primordial gravitational waves from inflation is con-
cerned, the upper bound on the tensor-to-scalar-ratio (at the pivot scale of k⇤ = 0.002
Mpc�1) is

r0.002 < 0.11 (95% CL) , (23)

a limit which is independent of, and compatible with, the one obtained by the joint
analysis of the BICEP2/Keck Array and Planck measurements [26], which yields r<
0.12, (95% CL). At present the best constraints on the amplitude of the inflationary
gravitational waves come from the latest BICEP2/Keck array data, which, using
their measurements of the CMB B-mode polarization, yields [27]

r0.05 < 0.09 (95% CL) . (24)

These constraints are somewhat more robust than those obtained from the tempera-
ture power spectra, since the scalar density perturbations cannot generate B-modes
polarization. They are also less model-dependent, since they do not assume the con-
sistency relation (18) for single-field models of inflation. Th BICEP2/Keck array
team find an even stronger constraint, when adding Planck temperature (and other)
data, finding [27] r0.05 < 0.07 (95% CL).

3 For the importance of B-mode detection for inflation see, e.g., the two recent papers [24, 25].
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Current	status	of	infla>on	

Infla>on	is	in	a	very	good	status	



Primordial non-Gaussianity 



Primordial	NG	
ζ(x):	primordial	perturba>ons	
	
If	the	fluctua>ons	are	Gaussian	distributed	then	their	sta>s>cal	proper>es	are	
completely	characterized	by	the	two-point	correla>on	func>on,	<ζ(x1)ζ(x2)>			
or	its	Fourier	transform,	the	power-spectrum.				

Thus	a	non-vanishing	three	point	func-on,	or	its	Fourier	transform,	the	bispectrum		
is	an	indicator	of	non-Gaussianity	

€ 

ΔT
T
(n1)

ΔT
T
(n2)

ΔT
T
(n3)

ζ (
!
k1)ζ (

!
k2 )ζ (

!
k3) = (2π )

3δ (3)(
!
k1 +
!
k2 +
!
k3) fNLF(k1,k2,k3)

					Amplitude	 			Shape	



Bispectrum	vs	power	spectrum	informa>on	

5×106	pixels	compressed	
into	~2500	numbers:	
O.K.	only	if	gaussian	
	
	
	
If	not	we	could	miss	
precious	informa-on	

Measure	3	point-func-on	
and	higher-order	

Planck	2015	Results.	I.	Overview	of	products	and	scien>fic	results		
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Mul>pole	moment,	



Primordial	NG	

Physical	origin	of	primordial	NG:		
self-interac>ons	of	the	inflaton	field,	e.g.	λ	ϕ3, 
interac>ons	between	different	fields,			
non-linear	evolu>on	of	the	fields	during	infla>on,		
gravity	itself	is	non	linear…..					

Gaussian free (i.e. non-interacting) 
field, linear theory  

Collec>on	of	independent	harmonic	oscillators	
(no	mode-mode	coupling)	



Why	primordial	NG	is	important?		



One	(among	many)	good	reason:		

fNL	and	shape	are	model	dependent:		
e.g.:	standard	single-field	models	of	slow-roll	infla>on		
predict	
					
																														fNL~O(ε,η)	<<1		
																																																																																							(Acquaviva,	Bartolo,	Rioio,	Matarrese	2002;	
																																																																																								Maldacena	2002)	

		
	
A	detec>on	of	a	primordial	|fNL|~1	would	rule	out		
all	standard	single-field	models	of	slow-roll	infla>on	



SHAPES	OF	NG:	LOCAL	NG	

Babich et al. astro-ph/0405356   

Bispectrum peaks for squeezed triangles k1<<k2~k3   
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Non-lineari>es	develop	outside	the	horizon	during	or	immediately	a1er	infla>on	
(e.g.	mul-field	models	of	infla-on)	
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Babich et al.  (2004)   € 
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Bispectrum	peaks	for		equilateral	triangles:	k1=k2=k3	

EQUILATERAL	NG	

Single	field	models	of	infla-on	with	non-canonical	kine-c	term	L=P(ϕ,	X)	where		X=(∂	ϕ)2	(DBI	
or	K-infla>on)	where	NG	comes	from	higher	deriva>ve	interac>ons		of	the	inflaton	field		
	
Example:		
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Limits	set	by	Planck	

See	Planck	2015	results.	XVII.	Constraints	on	primordial	non-Gaussianity	
								



e.g.	mul>-field	models	of	infla>on	

e.g.	models	with	non-standard	kine>c	terms		

Observa-onal	limits	set	by	Planck		

Planck	2015	results.	XVII.	Constraints	on	primordial	non-Gaussianity.		



Implica-ons	for	infla-on	models	
Ø 	The	standard	models	of	single-field	slow-roll	infla>on	has	survived		
					the	most	stringent	tests	of	Gaussianity	to-date:	
					devia-ons	from	primordial	Gaussianity	are	less	than	0.01%	level.	
					This	is	a	fantas-c	achievement,	one	of	the	most	precise		
					measurements	in	cosmology!	
	
	
		
	
	
Ø 	The	NG	constraints	on	different	primordial	bispectrum	shapes	severly		
					limit/rule	out	specific	key	(infla-onary)	mechanisms	alterna-ve	to	the		
					standard	models	of	infla-on						

24 THE AUTHOR
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General	single-field	models	of	infla-on:	
Implica-ons	for	Effec-ve	Field	Theory	of	Infla-on	

	

Constraints	obtained	from		
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(Cheung	et	al.	08;	Weinberg	08)	
for	extensions	see	also	N.B.,	Fasiello,	Matarrese,	Rioio	10)	
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The	CMB	bispectrum	as	seen	by	Planck		
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So…...	what	next	for	NG?	
(or	next	to	next)		



Significant	thresholds	
Ø  		mul-ple	field	models	of	infla-on	generically	predict	fNL(local)≥	1.	
								e.g	curvaton	models	
	
	
	
								with	minimum	value	–(5/3)	(N.B,	Matarrese,	Rioio	2004).	
	
Ø  	also	for	equilateral	NG		a	mo-vated	threshold	is	fNL(equil)≥	1	
						(see	Marcelo	Alvarez	et	al	.	arXiv:1412.4671).	
	
Ø  Of	course	a	clear	dis>nc>on	between.	e.g.,	single	and	mul>ple	field		infla>on,	

requires	to	improve	current	sensi>vi>es	by	at	least	one	order	of	magnitude,	thus	
probing	a	range	of	amplitudes	which	is	at	the	level	of	the	standard	single-field	
slow-roll	predic>on	

	
																																															fNL~O(ε,η)	<<1				(Acquaviva,	Bartolo,	Rioio,	Matarrese	2002;	
																																																																																																							Maldacena	2002)	
	

Planck Collaboration: Planck 2013 Results. XXIV. Constraints on primordial NG
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Fig. 24. 68%, 95%, and 99.7% confidence regions in the param-
eter space ( f equil

NL , f ortho
NL ), defined by thresholding �2 as described

in the text.
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Fig. 25. 68%, 95%, and 99.7% confidence regions in the single-
field inflation parameter space (cs, c̃3), obtained from Fig. ?? via
the change of variables in Eq. (??).

and M3 which characterizes the amplitude of the other opera-
tor ⇡̇3. Following ? we will focus on the dimensionless parame-
ter c̃3(c�2

s � 1) = 2M4
3c2

s/(ḢM2
Pl). For example, DBI inflationary

models corresponds to c̃3 = 3(1�c2
s )/2, while the non-interacting

model (vanishing NG) correspond to cs = 1 and M3 = 0 (or
c̃3(c�2

s � 1) = 0).
The mean values of the estimators for equilateral and orthog-

onal NG amplitudes are given in terms of cs and c̃3 by

f equil
NL =

1 � c2
s

c2
s

(�0.275 + 0.0780A)

f ortho
NL =

1 � c2
s

c2
s

(0.0159 � 0.0167A) (98)

where A = �(c2
s + (2/3)c̃3), and the coe�cients are com-

puted from the Fisher correlation matrix between the equilat-
eral and orthogonal template bispectra and the theoretical bis-
pectra arising from the two operators ⇡̇(r⇡)2 and ⇡̇3. Given
our constraints on f equil

NL and f ortho
NL , and the covariance matrix

C of the joint estimators, we can define a �2 statistic given by
�2(c̃3, cs) = uT (c̃3, cs)C�1u(c̃3, cs), where the vector u is given
by vi(c̃3, cs) = f i(c̃3, cs) � f i

P. f i
P, where i={equilateral, orthog-

onal}, are the joint estimates of the equilateral and orthogonal
fNL measured by Planck and f i(c̃3, cs) is given by Eq. (??).
Figure ?? shows the 68%, 95%, and 99.7% confidence regions
for f equil

NL and f ortho
NL , obtained by requiring �2  2.28, 5.99, and

11.62 respectively, as appropriate for a �2 variable with two de-
grees of freedom. The corresponding confidence regions in the
(c̃3, cs) parameter space are shown in Fig. ??. After marginal-
izing over c̃3 we find the following conservative bound on the
inflaton sound-speed

cs � 0.02 95% CL . (99)

Note that we have also looked explicitly for the non-separable
shapes in Sect. ??, in particular the two e↵ective field theory
shapes and the DBI inflation shape (see Eqs. (??, ??, ??)) .

9.3. Multi-field models

Curvaton models: Planck NG constraints have interesting im-
plications for the simplest adiabatic curvaton models. They pre-
dict (??)

f local
NL =

5
4rD
� 5rD

6
� 5

3
, (100)

for a quadratic potential of the curvaton field (?????), where
rD = [3⇢curvaton/(3⇢curvaton + 4⇢radiation)]D is the “curvaton decay
fraction” evaluated at the epoch of the curvaton decay in the sud-
den decay approximation. Assuming a prior 0 < rD < 1, given
our constraint f local

NL = 2.7 ± 5.8 at 68% CL, we obtain

rD � 0.15 95% CL . (101)

In ? a limit on rD is derived from the constraints on isocurvature
perturbations under the assumption that there is some residual
isocurvature fluctuations in the curvaton field. For this restricted
case, they find rD > 0.98 (95% CL), compatible with the con-
straint obtained here.

Quasi-single field inflation: It is beyond the scope of this pa-
per to perform a general multi-field analysis employing the local
NG constraints. However, we have performed a detailed analy-
sis for the quasi-single field models (see Eq. (??)). Quasi-single
field (QSF) inflation models (???) are a natural consequence
of inflation model-building in string theory and supergravity
(see Sect. ??). In addition to the inflaton field, these models
have extra fields with masses of order the Hubble parameter,
which are stabilized by supersymmetry. A distinctive observa-
tional signature of these massive fields is a one-parameter fam-
ily of large NG whose squeezed limits interpolate between the
local and the equilateral shape. Therefore, by measuring the pre-
cise momentum-dependence of the squeezed configurations in
the NG, in principle, we are directly measuring the parameters of
the theory naturally determined by the fundamental principle of
supersymmetry. These models produce a bispectrum (Eq. (??))
depending on two parameters ⌫, f QSI

NL , with a shape that interpo-
lates between the local shape, where ⌫ = 1.5 and the equilateral
shape, where ⌫ = 0.

45



New	observa>onal	strategies	

CMB	is	a	priviliged	laboratory	for	cosmic	infla>on.	
	
Improvements	are	possible	thanks	to	CMB	polariza>on.	
	
An	experiment	like	PRISM	or	CMBpol,	cosmic	variance	dominated	in		
E-mode	up	to	to	l_max	~	3000	can	improve	by	a	factor	of	3	the		
error	bars	on	f_NL	for	all	shapes.		
			
	
					
						



New	observa>onal	strategies	

CMB	is	a	priviliged	laboratory	for	cosmic	infla>on.	However	different		
observables	can	be	compe>>ve,	and	in	the	future,	have	a	beier		
sensi>vity	to,	e.g.,	primordial	non-Gaussianity	
	
	
Ø 	Large-Scale-Structure	Surveys		

Ø 	CMB	spectral	distor>ons	

Ø 	Future	high-redshi1	large	radio	surveys	
	
	
Ø 	High-redshi1	21cm	fluctua>ons	
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CMB	spectral	distor>ons	
Ø 	We	know	there	must	be	>ny	devia>ons	from	a	perfect	black	body	of	the	CMB		
					spectrum	in	the	frequency	domain	
	
Ø 		Not	detected	yet	(apart	y-distor>ons	from	Sunyaev-Zel’dovich	effect)	

Ø 		

	
							FROM	COBE/FIRAS		
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ΔIν
Iν

< 10−4 µ < 9×10−5 y < 1.5×10−5 (95% C.L)Current status: distortions 

M. Liguori – Primary CMB – New challenges in Cosmic Microwave Backgroud studies – ASI 30 March 2016   

No distortion detected  
(except y-distortions from  
SZ-effect, not primordial). 
 
Best limits essentially date back  
to COBE/FIRAS: 
 
ΔIν/Iν < 10-4 

µ < 9 x 10-5 

y < 1.5 x 10-5   (95% C.L.) 

Spectral distortions yet undetected. They are expected in  
standard Cosmology, from a variety of mechanisms. 



180°	 18°	 1°	 0.2°	 0.1°	 0.07°	

Mul>pole	moment,	



CMB	spectral	distor>ons	
Ø  	Various	planned	and	proposed	satellite	missions	can	achieve	the	required	

sensi>vity	to	measure	the	primordial	μ	and	y	spectral	distor>ons:	these	are	
predicted	to	be	<μ>≈1.9×10-9				and	<y>≈4.2×10-8		

Sensi>ve	to	a	minimum	<μ>min≈10-9		 Sensi>ve	to	a	minimum	<μ>min≈10-8		

Ø  Besides	being	a	probe	of	the	standard	ΛCDM	model	(including	infla>on)	
					it	can	unveil	new	physics,	e.g.	about	
					-	decaying	and	annihila>ng		dark	maier	par>cles	
					-	black	holes	and	cosmic	strings	
					and	it	can	allow	to	measure	a	whole	series	of	signals	like	y-distor>ons	from		
					re-ionized	gas	
					

Primordial 
Inflation 
Explorer 
(PIXIE) 

Al Kogut 
Goddard Space 
Flight Center 



A	powerful	source	of	informa>on	

Ø 	CMB	spectral	distor>ons	expected	in	the	standard	ΛCDM	modeL:	
					AN	ALMOST	UNEXPLOITED	OBSERVATIONAL	WINDOW		
					(see,	e.g.,	Kathri	and	Sunyaev	2013,	arXiv:	1303.7212;		
							Chluba	2016,	arXiv:	1603.02496)	
	
Ø 	In	par8cular	can	probe	very	small	scales	10−4	-	0.02	Mpc!	
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0). Finally for z . zµ,f even Compton scattering is not
e�cient enough to establish kinetic equilibrium between
matter and radiation. The distortion created after this
moment is known as y-type and is relevant e.g. for the
Sunyaev-Zel’dovich e↵ect [7]. Of course this is a simpli-
fied picture since there is no sharp transition between one
regime and the next. For the purpose of analytical esti-
mates we will take the period responsible for the creation
of µ-distortion to be zµ,f . z . zµ,i with the numerical
values given above. As we will see, due to a logarithmic
dependence on the size of this interval, changing these
values by factors of order unity will not alter the main
results. It should be clear though that for precise predic-
tions one needs to study the system numerically.

We will be interested in the energy injection coming
from the dissipation of acoustic waves of the adiabatic
mode (Silk damping) as these re-enter the horizon and
start oscillating. Other sources of distortion are present
(e.g. adiabatic cooling [2]) and the physics of the system
is very rich. Our working assumption here is that either
all other sources lead to a smaller and therefore negligi-
ble distortion, as it is the case if the primordial power
spectrum is not too red tilted, or that all other relevant
e↵ects are understood with a high enough precision to
be subtracted o↵ leaving the µ-distortion caused by Silk
damping as the only signal.

µ-DISTORTION

In this section, following [1–3], we derive a formula that
relates the late time µ-distortion to the primordial power
spectrum. Using the Bose-Einstein distribution plus the
fact that the total number of photons is constant, for
an amount of energy (density) released into the plasma
�E one finds that µ ' 1.4�E/E. Hence, let us estimate
the energy injection due to damping of acoustic waves.
The energy density of a density wave is given by[19] Q =
⇢h��(x)2ipc2s/(1 + c2s), with cs the sound speed, ⇢ the
density and � the dimensionless amplitude of oscillations
averaged over a period (indicated by hip to di↵erentiate
it from the quantum/ensemble average hi). Since at this
time the universe is dominated by radiation we take ⇢ =
⇢� and c2s ' 1/3. Then one has
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We can use the transfer function (see e.g. [9])
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Figure 1: The figure shows the power spectrum with Silk
damping as function of log k. The dotted, dashed and dot-

dashed lines are �2
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D at z

µ,i
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= 1100 respectively. The red area on the right
indicated by µ is the di↵erence of the power spectrum between
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and z
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. Once integrated over log k this gives the µ-
distortion. For comparison on the left we have highlighted
the scales probed by LSS and CMB anisotropies.
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where R describes curvature perturbations. Finally to
account for the fact that µ arises from a thermalization
process, we use a top-hat filter in real space W (x), which
smears the dissipated energy over a volume of radius
k�1

s & k�1
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Summarizing, the deformation parameter µ is related

to primordial perturbations by
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±
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. The quantum/ensemble average of µ(x) gives the
log-integral of the primordial power spectrum from
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(From	Pajer	&	Zaldarriaga	2012)	



CMB	μ	distor>ons		
Ø 	Energy	injec>on	from	dissipa>on	of	acous>c	waves	due	to	Silk	damping	
					The	relevant	redshit	range	is		
					5×104	=zf	<	z	<	zi=	2×106		
					and	the	relevant		scales	are	kD(zi)	=	12000	Mpc-1	and		kD(zf)	=	46	Mpc-1		
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phenomenological models of dipolar modulation, which
were originally motivated by the observed power asym-
metry in CMB data. Since a trispectrum signal of the
⌧

NL

type gives rise to large-scale modulation of small-
scale power, and this leaves a signature in the µ-µ corre-
lation function, we can expect also these dipolar modu-
lation models to generate µ-µ correlations. We will show
that, if a modulation shows up at very small scales, a sig-
nal of this type is actually generated. Also in this case,
the dipolar anisotropy sources o↵-diagonal µ-µ couplings,
this time with |`

1

�`

2

| = 1. The observed CMB asymme-
try is, however, only on large scales, ` . 60 [16–20]. In
this case, we expect the signal to vanish, since spectral
distortions test only very small scales. Our results will
confirm this intuitive expectation.

This paper is organized as follows: In Sec. II we briefly
summarize the physical mechanism which generates µ-
type spectral distortions; in Secs. III and IV we derive the
µ-T and µ-µ correlation functions, respectively, for mod-
els with anisotropic NG and dipolar power asymmetry.
Some Fisher matrix forecasts for ideal cosmic-variance-
dominated experiments and more realistic experiments
are shown in Sec. V. Finally, we summarize our main
results and draw our conclusions in Sec. VI.

II. CMB µ DISTORTION ANISOTROPY

Heating due to di↵usion damping of acoustic waves can
induce distortions in the CMB blackbody spectrum. At
very early times, when double Compton scattering is ef-
ficient (z & z

i

⌘ 2 ⇥ 106), any generated distortion is
immediately erased due to quick thermalization, and the
blackbody spectrum is maintained. On the other hand,
for z

f

. z . z

i

with z

f

⌘ 5 ⇥ 104, double Compton
scattering has become ine�cient, and Compton scatter-
ing mainly thermalizes the system, without changing the
number of photons. Hence, due to energy injection via
acoustic wave dissipation, a blackbody spectrum is al-
tered to a Bose-Einstein distribution with nonzero chem-
ical potential: [21–30]
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where ⇣ denotes primordial curvature perturbation and
the photon transfer function is approximately given by
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tively, k
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[31–34].

The above equations yield an expression for the µ dis-
tortion [5, 6]:
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where W (x) ⌘ 3j
1

(x)/x is a top-hat filter function, lim-
iting the scales where the acoustic waves are averaged
to give heat as k

3

/k

s

. 1, and we have used an esti-
mate: hcos(k
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r) cos(k
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' 1/2. In the following anal-
ysis, we take k

s

to be k
D
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), in order to estimate a lower
bound on the µ distortion. Then, the transfer function
f(k
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) filters the squeezed-limit signals, satisfying
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) > k

3

. As seen in Eq. (3), the µ distor-
tion has quadratic dependence on the primordial curva-
ture perturbation (while usual CMB anisotropy is simply
proportional to the curvature perturbation), and hence
the correlation between the µ distortion and the CMB
temperature anisotropy or the power spectrum of the µ

distortion is generated if the bispectrum or trispectrum of
curvature perturbations is nonzero [5, 6]. In what follows,
we analyze these correlators, including broken rotational
invariance.

III. µ-T CORRELATION DUE TO PRIMORDIAL
ANISOTROPIC NON-GAUSSIANITY

We here investigate potential imprints on spec-
tral distortions of primordial models which generate
a curvature bispectrum with a quadrupolar asym-
metry. This can be expressed as h⇣
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This type of angle dependence is realized in scenarios
of anisotropic inflation characterized by the presence of
a U(1) gauge field with a small but nonvanishing vac-
uum expectation value (see e.g., Refs. [13–15] and the
reviews [35, 36] for other possibilities). 2 One can expect
these models to leave signatures in the µ-T correlation
function, since the isotropic part is of the local type (thus

2
The quadrupolar signature (5) is a generic common prediction of

inflation models where rotational-invariance breaking is induced

by vector fields. In addition, depending on the specific model

considered, further contributions to the anisotropic bispectrum

are present; see, e.g., Refs. [13, 15].
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phenomenological models of dipolar modulation, which
were originally motivated by the observed power asym-
metry in CMB data. Since a trispectrum signal of the
⌧

NL

type gives rise to large-scale modulation of small-
scale power, and this leaves a signature in the µ-µ corre-
lation function, we can expect also these dipolar modu-
lation models to generate µ-µ correlations. We will show
that, if a modulation shows up at very small scales, a sig-
nal of this type is actually generated. Also in this case,
the dipolar anisotropy sources o↵-diagonal µ-µ couplings,
this time with |`

1

�`

2

| = 1. The observed CMB asymme-
try is, however, only on large scales, ` . 60 [16–20]. In
this case, we expect the signal to vanish, since spectral
distortions test only very small scales. Our results will
confirm this intuitive expectation.

This paper is organized as follows: In Sec. II we briefly
summarize the physical mechanism which generates µ-
type spectral distortions; in Secs. III and IV we derive the
µ-T and µ-µ correlation functions, respectively, for mod-
els with anisotropic NG and dipolar power asymmetry.
Some Fisher matrix forecasts for ideal cosmic-variance-
dominated experiments and more realistic experiments
are shown in Sec. V. Finally, we summarize our main
results and draw our conclusions in Sec. VI.

II. CMB µ DISTORTION ANISOTROPY

Heating due to di↵usion damping of acoustic waves can
induce distortions in the CMB blackbody spectrum. At
very early times, when double Compton scattering is ef-
ficient (z & z

i

⌘ 2 ⇥ 106), any generated distortion is
immediately erased due to quick thermalization, and the
blackbody spectrum is maintained. On the other hand,
for z

f

. z . z

i

with z

f

⌘ 5 ⇥ 104, double Compton
scattering has become ine�cient, and Compton scatter-
ing mainly thermalizes the system, without changing the
number of photons. Hence, due to energy injection via
acoustic wave dissipation, a blackbody spectrum is al-
tered to a Bose-Einstein distribution with nonzero chem-
ical potential: [21–30]
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The above equations yield an expression for the µ dis-
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tion has quadratic dependence on the primordial curva-
ture perturbation (while usual CMB anisotropy is simply
proportional to the curvature perturbation), and hence
the correlation between the µ distortion and the CMB
temperature anisotropy or the power spectrum of the µ

distortion is generated if the bispectrum or trispectrum of
curvature perturbations is nonzero [5, 6]. In what follows,
we analyze these correlators, including broken rotational
invariance.
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This type of angle dependence is realized in scenarios
of anisotropic inflation characterized by the presence of
a U(1) gauge field with a small but nonvanishing vac-
uum expectation value (see e.g., Refs. [13–15] and the
reviews [35, 36] for other possibilities). 2 One can expect
these models to leave signatures in the µ-T correlation
function, since the isotropic part is of the local type (thus
peaked on squeezed triangles), and the µ-T correlation is

2
The quadrupolar signature (5) is a generic common prediction of

inflation models where rotational-invariance breaking is induced

by vector fields. In addition, depending on the specific model

considered, further contributions to the anisotropic bispectrum

are present; see, e.g., Refs. [13, 15].
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phenomenological models of dipolar modulation, which
were originally motivated by the observed power asym-
metry in CMB data. Since a trispectrum signal of the
⌧

NL

type gives rise to large-scale modulation of small-
scale power, and this leaves a signature in the µ-µ corre-
lation function, we can expect also these dipolar modu-
lation models to generate µ-µ correlations. We will show
that, if a modulation shows up at very small scales, a sig-
nal of this type is actually generated. Also in this case,
the dipolar anisotropy sources o↵-diagonal µ-µ couplings,
this time with |`
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| = 1. The observed CMB asymme-
try is, however, only on large scales, ` . 60 [16–20]. In
this case, we expect the signal to vanish, since spectral
distortions test only very small scales. Our results will
confirm this intuitive expectation.

This paper is organized as follows: In Sec. II we briefly
summarize the physical mechanism which generates µ-
type spectral distortions; in Secs. III and IV we derive the
µ-T and µ-µ correlation functions, respectively, for mod-
els with anisotropic NG and dipolar power asymmetry.
Some Fisher matrix forecasts for ideal cosmic-variance-
dominated experiments and more realistic experiments
are shown in Sec. V. Finally, we summarize our main
results and draw our conclusions in Sec. VI.

II. CMB µ DISTORTION ANISOTROPY

Heating due to di↵usion damping of acoustic waves can
induce distortions in the CMB blackbody spectrum. At
very early times, when double Compton scattering is ef-
ficient (z & z
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⌘ 2 ⇥ 106), any generated distortion is
immediately erased due to quick thermalization, and the
blackbody spectrum is maintained. On the other hand,
for z
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. z . z
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with z

f

⌘ 5 ⇥ 104, double Compton
scattering has become ine�cient, and Compton scatter-
ing mainly thermalizes the system, without changing the
number of photons. Hence, due to energy injection via
acoustic wave dissipation, a blackbody spectrum is al-
tered to a Bose-Einstein distribution with nonzero chem-
ical potential: [21–30]
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tion has quadratic dependence on the primordial curva-
ture perturbation (while usual CMB anisotropy is simply
proportional to the curvature perturbation), and hence
the correlation between the µ distortion and the CMB
temperature anisotropy or the power spectrum of the µ

distortion is generated if the bispectrum or trispectrum of
curvature perturbations is nonzero [5, 6]. In what follows,
we analyze these correlators, including broken rotational
invariance.
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This type of angle dependence is realized in scenarios
of anisotropic inflation characterized by the presence of
a U(1) gauge field with a small but nonvanishing vac-
uum expectation value (see e.g., Refs. [13–15] and the
reviews [35, 36] for other possibilities). 2 One can expect
these models to leave signatures in the µ-T correlation

2
The quadrupolar signature (5) is a generic common prediction of

inflation models where rotational-invariance breaking is induced

by vector fields. In addition, depending on the specific model

considered, further contributions to the anisotropic bispectrum

are present; see, e.g., Refs. [13, 15].

Ø  	Transfer	func>ons	
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phenomenological models of dipolar modulation, which
were originally motivated by the observed power asym-
metry in CMB data. Since a trispectrum signal of the
⌧

NL

type gives rise to large-scale modulation of small-
scale power, and this leaves a signature in the µ-µ corre-
lation function, we can expect also these dipolar modu-
lation models to generate µ-µ correlations. We will show
that, if a modulation shows up at very small scales, a sig-
nal of this type is actually generated. Also in this case,
the dipolar anisotropy sources o↵-diagonal µ-µ couplings,
this time with |`

1

�`

2

| = 1. The observed CMB asymme-
try is, however, only on large scales, ` . 60 [16–20]. In
this case, we expect the signal to vanish, since spectral
distortions test only very small scales. Our results will
confirm this intuitive expectation.

This paper is organized as follows: In Sec. II we briefly
summarize the physical mechanism which generates µ-
type spectral distortions; in Secs. III and IV we derive the
µ-T and µ-µ correlation functions, respectively, for mod-
els with anisotropic NG and dipolar power asymmetry.
Some Fisher matrix forecasts for ideal cosmic-variance-
dominated experiments and more realistic experiments
are shown in Sec. V. Finally, we summarize our main
results and draw our conclusions in Sec. VI.

II. CMB µ DISTORTION ANISOTROPY

Heating due to di↵usion damping of acoustic waves can
induce distortions in the CMB blackbody spectrum. At
very early times, when double Compton scattering is ef-
ficient (z & z

i

⌘ 2 ⇥ 106), any generated distortion is
immediately erased due to quick thermalization, and the
blackbody spectrum is maintained. On the other hand,
for z

f

. z . z

i

with z

f

⌘ 5 ⇥ 104, double Compton
scattering has become ine�cient, and Compton scatter-
ing mainly thermalizes the system, without changing the
number of photons. Hence, due to energy injection via
acoustic wave dissipation, a blackbody spectrum is al-
tered to a Bose-Einstein distribution with nonzero chem-
ical potential: [21–30]
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proportional to the curvature perturbation), and hence
the correlation between the µ distortion and the CMB
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distortion is generated if the bispectrum or trispectrum of
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This type of angle dependence is realized in scenarios
of anisotropic inflation characterized by the presence of
a U(1) gauge field with a small but nonvanishing vac-
uum expectation value (see e.g., Refs. [13–15] and the
reviews [35, 36] for other possibilities). 2 One can expect
these models to leave signatures in the µ-T correlation

2
The quadrupolar signature (5) is a generic common prediction of

inflation models where rotational-invariance breaking is induced

by vector fields. In addition, depending on the specific model

considered, further contributions to the anisotropic bispectrum

are present; see, e.g., Refs. [13, 15].

Ø  	The	monopole		

Selects	squeezed	config.		

It	is	predicted	to	be	1.9×10-8	for	the	best	fit	ΛCDM		

2

0). Finally for z . zµ,f even Compton scattering is not
e�cient enough to establish kinetic equilibrium between
matter and radiation. The distortion created after this
moment is known as y-type and is relevant e.g. for the
Sunyaev-Zel’dovich e↵ect [7]. Of course this is a simpli-
fied picture since there is no sharp transition between one
regime and the next. For the purpose of analytical esti-
mates we will take the period responsible for the creation
of µ-distortion to be zµ,f . z . zµ,i with the numerical
values given above. As we will see, due to a logarithmic
dependence on the size of this interval, changing these
values by factors of order unity will not alter the main
results. It should be clear though that for precise predic-
tions one needs to study the system numerically.

We will be interested in the energy injection coming
from the dissipation of acoustic waves of the adiabatic
mode (Silk damping) as these re-enter the horizon and
start oscillating. Other sources of distortion are present
(e.g. adiabatic cooling [2]) and the physics of the system
is very rich. Our working assumption here is that either
all other sources lead to a smaller and therefore negligi-
ble distortion, as it is the case if the primordial power
spectrum is not too red tilted, or that all other relevant
e↵ects are understood with a high enough precision to
be subtracted o↵ leaving the µ-distortion caused by Silk
damping as the only signal.

µ-DISTORTION

In this section, following [1–3], we derive a formula that
relates the late time µ-distortion to the primordial power
spectrum. Using the Bose-Einstein distribution plus the
fact that the total number of photons is constant, for
an amount of energy (density) released into the plasma
�E one finds that µ ' 1.4�E/E. Hence, let us estimate
the energy injection due to damping of acoustic waves.
The energy density of a density wave is given by[19] Q =
⇢h��(x)2ipc2s/(1 + c2s), with cs the sound speed, ⇢ the
density and � the dimensionless amplitude of oscillations
averaged over a period (indicated by hip to di↵erentiate
it from the quantum/ensemble average hi). Since at this
time the universe is dominated by radiation we take ⇢ =
⇢� and c2s ' 1/3. Then one has
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We can use the transfer function (see e.g. [9])
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where, using that R ⌘ 3⇢B/4⇢� ⌧ 1, the di↵usion damp-
ing scale is

kD ⌘
Z 1

z

dz
1 + z

6Hne�T (1 +R)

✓
R2

1 +R
+

16

15

◆��1/2

' (1 + z)3/2 4.1⇥ 10�6 Mpc�1 , (3)

CMBêLSS m

10-4 0.01 1 100 104

1.0

2.0

1.5

k Mpc

D
RHkL

2 ¥
10
9

Figure 1: The figure shows the power spectrum with Silk
damping as function of log k. The dotted, dashed and dot-

dashed lines are �2
R

e

�2k2

/k

2

D at z

µ,i

= 2 ⇥ 106, z
µ,f

= 5 ⇥
104 and z

L

= 1100 respectively. The red area on the right
indicated by µ is the di↵erence of the power spectrum between
z

µ,i

and z

µ,f

. Once integrated over log k this gives the µ-
distortion. For comparison on the left we have highlighted
the scales probed by LSS and CMB anisotropies.
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where R describes curvature perturbations. Finally to
account for the fact that µ arises from a thermalization
process, we use a top-hat filter in real space W (x), which
smears the dissipated energy over a volume of radius
k�1

s & k�1

D,f .
Summarizing, the deformation parameter µ is related

to primordial perturbations by
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. The quantum/ensemble average of µ(x) gives the
log-integral of the primordial power spectrum from
kD(zµ,i) ' 1.1⇥ 104 Mpc�1 to kD(zµ,f ) ' 46Mpc�1
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sponding short and long wavelength contributions to ⇣(x). The dominant terms are
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so that the small-scale curvature perturbation modulated by the long-wavelength modes is
given by
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The fractional change in small-scale power due to the long-wavelength mode is therefore
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As written in the second equality the fractional change in small-scale power determines the
fractional change in the µ type distortions, since the average µ distortions are given by

hµi '
Z

d ln k�

2

⇣

(k)F (k) , (2.5)
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(k) is the power spectrum of the primordial curvature perturbations. F (k) is the
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In Eq. (2.6) the indices 1, 2, 3 refer to three different positions on last-scattering surface (or,
by means of an angular projection from the last-scattering surface, they label three different
directions in the sky). Also, in writing Eq. (2.6) we have used that the large-angle temperature
fluctuation is given by �T/T ' �⇣/5 (in the Sachs-Wolfe (SW) approximation).

The equation above describes correlation between �T/T and the fractional change in µ-
distortions, �µ/µ. If we want to work with µ-fluctuations instead, we simply have to multiply
Eq. (2.6) by the average µ distortions, Eq. (2.5). In the case of a scale invariant spectrum of
primordial curvature perturbations with �
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where we have moved to ` space by the harmonic transformation:
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denoting the angular power spectrum and
bispectrum (3.12), respectively.
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Local	primordial	non-Gaussianity	correlates	short-	with	long-mode	perturba>ons,		
so	it	induces	a	correla>on	between	the	dissipa>on	process	on	small	scales	
	
	
	
and	the	long-mode	fluctua>ons	in	the	CMB		
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Ø 	Pajer	&	Zaldarriaga	(2012)	and		Ganc	&	Komatsu	(2012)	pointed	out	that	the		
				cross-correla>on	between	CMB	μ-distor>on	and	CMB	temperature		fluctua>ons		
				can	be	a	diagnos>c	very	sensi>ve	to	local-type	bispectra	peaking	in	the		squeezed		
				configura>on:			a	cosmic	variance		limited	experiment	can	achieve	fNL~0.001		
	

CMB	spectral	distor>ons	and	NG		



A	simple	argument	in	real	space	

If	there	is	a	local	model	of	non-Gaussianity,	then	the	small	scale	power		
spectrum	of	curvature	perturba>on	Δ2

ς(k,x)	will	be	modulated	from	
patch	to	patch,	by	the	long-wavelength	curvature	fluctua>on			
and	correlated	to	it	



Looking at the inflationary trispectra  
(4-point correlation functions) 



Contact	interac8on:	e.g.	λ	(δφ)4	(intrinsic		
contribu>ons	from	the	4-th	order	ac>on)			

Scalar	exchange:		
comes	from	terms	in	the	3-oder	ac>on,	
e.g.		(δφ)3			

gNL	τNL								f2NL	
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Looking	at	the	infla>onary	trispectra	
Mo>va>ons:		
	
Ø 	It	can	also	provide	crucial	informa>on	to	further	dis>nguish	between		
					compe>ng	models	(or	alterna>ves	to	infla>on)	
	
Ø 	Sizeable	amplitudes	can	arise	only	in	mul>-field	models	(or	in	models	
					with	higher	deriva>ve	intera>ons	of	the	inflaton	field)	
					
Ø 	Tes>ng	consistency	rela>ons			
					e.g.	Suyama-Yamaguchi	rela>on		
	
Ø 	Scenarios	where	the	trispectrum	has	larger	S/N	ra>o	than	the	
				bispectrum	(e.g.	some	curvaton	models,	some	mul>field	models;	
				technically	natural	models	do	exist	(e.g.,	Senatore	&	Zaldarriaga	2012;		
				N.B.,		Fasiello,	Matarrese,	Rioio	2012).		
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Local	trispectra	
Possible	models	
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1 Introduction

Measurements of primordial non-Gaussianity (NG) are a powerful way to understand the
physical processes which gave origin to primordial cosmological perturbations. They provide
information about such processes which is complementary to what can be extracted from
power spectrum alone. If we focus on inflationary scenarios, all relevant NG information is
generally contained in the bispectrum (three-point function in Fourier space) and trispectrum
(four-point function in Fourier space) of the primordial fluctuation field. Both the functional
form (“shape”) and strength of these signals are model dependent, therefore constraints on
different inflationary scenarios can be obtained by fitting their predicted bispectrum and
trispectrum shapes to the data, and extracting the corresponding amplitude parameters fNL
(for the bispectrum), gNL and ⌧NL (for the trispectrum).

The first inflation-motivated primordial NG model to be considered in the literature
[1, 2] was the so called “local model”, which is characterized by the following ansatz in real
space:

⇣(x) = ⇣

G

(x) +
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5
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(x)� ⌦
⇣

G

(x)
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+
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25
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⇣

G

(x)

�
3

, (1.1)

where ⇣ is the primordial curvature perturbation field, ⇣G is its Gaussian (G) part and the
NG components are local functionals of the G part. One can also consider models in which ⇣

G

is modulated by a second, uncorrelated, Gaussian field �, giving rise to a “⌧NL trispectrum”
[3]:

⇣(x) = ⇣

G

(x) +

p
⌧NL�(x)⇣

G

(x) . (1.2)

As we just mentioned, different primordial models can generate a large variety of different
bispectrum and trispectrum shapes, and to each of them correspond different NG amplitudes.
The focus of this paper will however be specifically on local-type bispectra and trispectra,
which are produced by a primordial curvature perturbation field expressed in the form above. 1

1
Therefore, since there is no room for confusion, we will simply refer to our NG parameters as fNL and

gNL, omitting the label “local”.
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Typically	arising	in	mul>-field	models	of	infla>on	



Looking	at	the	infla>onary	trispectra	

e.g.	k_2	->		0	
corresponds	to	g_NL:		
a	modula>on	of	the		
bispectrum		

e.g.	k_14	->		0	
corresponds	to	τ_NL:		
a	modula>on	of		power	spectra		



Observa-onal	limits	set	by	Planck		

Planck Collaboration: Planck 2015 Results. Constraints on primordial NG

1. Starting from the data d, we compute (with uniform
pixel weighting) a best-fit monopole and dipole outside
the Galactic mask. We use the temperature “common
mask”, the union of the confidence masks for the SMICA,
SEVEM, NILC, and Commander component separation meth-
ods (Planck Collaboration IX 2016).

2. The mask defines a few “islands”, i.e., isolated groups of
pixels that are unmasked, but contained in a larger masked
region. We slightly enlarge the mask so that it removes the
islands.

3. We classify the components of the masked part of the sky
into “small” masked regions with  1000 pixels (at HEALPix
resolution Nside = 2048), and “large” regions with > 1000
pixels. Small regions usually correspond to point sources,
and large regions typically correspond to areas of di↵use
galactic emission. In small regions, we inpaint the CMB by
assigning the unique map that agrees with the data on bound-
ary pixels, and whose value in each interior pixel is the aver-
age of the neighboring pixels.

4. In large regions, we do not inpaint the CMB, but rather
apodize the boundary of the large region using cosine
apodization with 12’ radius.

5. We apply a spherical harmonic transform to the inpainted,
apodized CMB map to obtain a harmonic-space map a`m
with `max = 1600. We then take the final filtered map ã`m
to be

ã`m =
a`m

b`C` + b�1
` N`

(69)

where b` is the beam, C` is the fiducial CMB power spec-
trum, and N` is the sky-averaged noise power spectrum
(without beam deconvolution). To motivate this choice of `-
weighting, we note that for an ideal all-sky experiment with
isotropic noise, we have a`m = b`s`m+n`m where s`m, n`m are
signal and noise realizations. In this case, Eq. (69) weights
the signal as s`m/(C` + b�2

` N`), which is optimal.

In our pipeline, we apply this filter to the component-
separated SMICA maps (Planck Collaboration IX 2016), obtain-
ing a harmonic-space map ã`m. We apply the same filter to 1000
Monte Carlo simulations to obtain an ensemble of harmonic-
space maps. Our pipeline has the property that it always esti-
mates the trispectrum of the data in excess of the trispectrum
in the simulations. Since the simulations include lensing, this
means that lensing bias will automatically be subtracted from
our gNL estimates.

Now that the filter, data realization, and Monte Carlo simula-
tions have been fully specified, the details of the pipeline are de-
scribed in section IX.B of Smith et al. (2015). For each trispec-
trum, the pipeline outputs an estimate of gNL and an estimate of
the statistical error. Our basic results are:

glocal
NL = (�9.0 ± 7.7) ⇥ 104;

g�̇
4

NL = (�0.2 ± 1.7) ⇥ 106; (70)

g(@�)4

NL = (�0.1 ± 3.8) ⇥ 105.

No deviation from Gaussian statistics is seen. These results
significantly improve the previous best constraints on the
trispectrum from WMAP (Vielva & Sanz 2010; Smidt et al.
2010; Fergusson et al. 2010b; Hikage & Matsubara 2012;
Sekiguchi & Sugiyama 2013; Regan et al. 2013; Smith et al.
2015) and large-scale structure (Desjacques & Seljak 2010;
Giannantonio et al. 2014; Leistedt et al. 2014).

A constraint on glocal
NL from Planck 2013 data was recently

reported by Feng et al. (2015), who find glocal
NL = (�13±18)⇥104.

Our central value in Eq. (70) agrees well with this result, but the
statistical error is smaller by a factor of 2.3. This improvement
is partly due to the lower noise levels in Planck 2015 data, and
partly due to the use of a better estimator.

Each line in Eq. (70) is a “single-gNL” constraint; i.e., the
constraint on one gNL parameter with the other gNL-parameters
held fixed. For joint constraints, one needs to know the full co-
variance matrix. The correlation between glocal

NL and the other two
parameters is negligble, and the g�̇4

NL-g(@�)4

NL correlation is:

Corr(g�̇
4

NL, g
(@�)4

NL ) = 0.61. (71)

multi-field models of inflation will generally give a linear com-
bination of �̇4, �̇2(@i�)2, and (@i�)2(@ j�)2 trispectra. In this case
we proceed as follows. First, if the �̇2(@i�)2 coe�cient is non-
zero, we can use the near-degeneracy with a linear combination
of the other two operators to absorb it into the e↵ective values
of g�̇4

NL and g(@�)4

NL . A Fisher matrix analysis shows that the coe�-
cients of this linear combination are

(g�̇
4

NL)e↵ = 0.59 g�̇
2(@�)2

NL

(g(@�)4

NL )e↵ = 0.091 g�̇
2(@�)2

NL (72)

It is convenient to define the two-component parameter vector:

gi =

0

B

B

B

B

@

g�̇
4

NL
g(@�)4

NL

1

C

C

C

C

A

. (73)

We also compute a two-by-two Fisher matrix Fi j, whose diago-
nal is given by Fii = 1/�2

i , where �i is the single-gNL statistical
error in Eq. (70), and whose o↵-diagonal is F12 = rF1/2

11 F1/2
22 ,

where r is the correlation in Eq. (71). This procedure gives:

Fi j =

 

3.3 9.2
9.2 68.7

!

⇥ 10�13. (74)

For a given parameter vector gi, we can define a trispectrum-�2

by
�2(g) = [Fiiĝi � (Fg)i] F�1

i j [F j jĝ j � (Fg) j] (75)

where ĝi = (�0.21 ⇥ 106,�0.10 ⇥ 105) is the vector of best-fit
single-gNL values from Eq. (70). This definition of �2 follows
from the observation that (Fiiĝi) is an estimator with expectation
value (Fg)i and covariance matrix Cov(Fiiĝi, F j jĝ j) = Fi j.

The inflationary implications of these trispectrum constraints
are discussed in Sect. 11.5 below.

10. Minkowski functionals results

In this section, we present constraints on local NG at
first and second order ( f local

NL and glocal
NL ) obtained with

Minkowski functionals (MFs) on temperature and polarization
E maps. MFs (Mecke et al. 1994; Schmalzing & Buchert 1997;
Schmalzing & Gorski 1998; Winitzki & Kosowsky 1998) are a
measure of fields’ local morphology used to constrain their
stationarity, isotropy and Gaussianity. Mostly probing general
NG in a frequentist fashion in two-dimensions on CMB maps
(Eriksen et al. 2004; Komatsu et al. 2005; Modest et al. 2013;
Natoli et al. 2010; Curto et al. 2008) or three-dimensions on
LSS data (Park et al. 2005; Wiegand et al. 2014), they have
also been used to measure specific NG targets with Bayesian
methods, such as f local

NL (Hikage et al. 2006, 2008; Ducout et al.
2013; Planck Collaboration XXIV 2014), other bispectrum and
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		Also	From	LSS	
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(124) S4 ⌅M4
4 �̇4

(124) , c2 = �16fL=2
NL

(124) r ⇤ 0.15 95% CL

(124) �(x) = �(x)L + f loc
NL�2

L(x) + gloc
NL�3

L(x)

(124) ⇥NL ⇤ (6f loc
NL/5)2

(124) ⇥NL < 2800 95%CL

(124) k14/k1

(124) gNL = (1.6± 7.0)⇥ 105 68%CL

(124) �5.6⇥ 105 < gNL < 6.4⇥ 105 95%CL

(124) �4.5⇥ 105 < gNL < 1.6⇥ 105 95%CL 	(Giannantonio	et	al.	2013)	



A	warning	

•  Tμ	(and	μμ)	cross-correla-on	is	not	able	to	
determine	the	gNL	parameter		

	
•  	the	TTμ	bispectrum	is	a	poten>al	powerful	
way	to	measure	gNL		

•  An	ideal,	cosmic	variance	dominated	
experiment	can	reach	gNL~0.1	

			(N.B.,	Liguori	and	Shiraishi	2015)				



A	simple	guide	argument		
	Ø Why	Tμ	cross-correla>on	is	sensi>ve	to	fNL?		

	
Local	primordial	non-Gaussianity	correlates	small	and	long	wavelengths,		
so	that	it	modulates	the	small-scale	monopole	<μ>	from	patch	to	path		
on	the	last	scaiering	surface:	<μ>		is	an	(integrated)	power	spectrum	
on	small	scales	which	gets	modulated	by	fNL.		
	
Ø  By	the	same	token:		<μ	μ>	depends	on	two	power	spectra.	τNL	is	a		
modula>on	of	two	power	spectra	
	
	
Ø  So	where	the	idea	of	TTμ	came	from?		
					Tμ	is	a	bispectrum	and	T(Tμ)	is	a	modula>on	of	a	bispectrum		
					(exactly	what	gNL	does).	
	



A	simple	computa>on	

50Mpc�1 � k � 104Mpc�1, i.e. on scales which are unaccessible by CMB temperature or po-
larization anisotropies, or by any other cosmological probe, including future galaxy and 21-cm
surveys. An ideal, cosmic-variance dominated experiment could extract a very large number
of modes in this range of scales, allowing in principle constraints on fNL � 10�3. Moreover,
it was also shown that, by the same reasoning, cosmic variance dominated µµ measurements
could constrain ⇥NL with an exquisite level of precision as well. These original findings have
been followed by further studies from several groups, showing that µT correlations could be
used to study several other NG signatures besides standard local-type NG [27–35]. Recent
fNL constraints with this technique were obtained in [36] using Planck data.

One interesting primordial NG parameter, that µT and µµ correlations are unable to
determine, is the gNL trispectrum amplitude. It can in fact be shown (see also Sec. 4) that
µµ correlations are not sensitive to gNL-type local NG. In this paper, we will point out that
gNL can however still be measured by going beyond two-point correlations and using the TTµ
bispectrum. We will then show that TTµ allows to measure not only gNL, but also to extract
additional information on ⇥NL. By a simple Fisher matrix forecast, we will finally conclude
that TTµ bispectrum estimates could in principle allow a sensitivity �gNL = O(0.1) in the
ideal, cosmic variance dominated case. Such exquisite precision can be attained, as usual
in this approach, thanks to the very large number of primordial bispectrum modes that are
contained in the TTµ three-point function.

The plan of this paper is as follows: in Sec. 2 we start with a simplified calculation,
aimed at putting in evidence the physical mechanism which produces the gNL and ⇥NL de-
pendencies in the TTµ bispectrum. We then perform the full calculation in Sec. 3, finding a
nice agreement with the previous result, and show some gNL and ⇥NL Fisher-based forecasts
in Sec. 4, before reporting our conclusion in Sec. 5.

2 Preliminary calculation

Here we show a preliminary calculation of the TTµ signal, using a configuration space ap-
proach originally introduced in [34], where it is explained in detail. The idea is to estimate
the expected correlations between µ and T via a short-long mode splitting of the primordial
fluctuation field. We are in fact interested here in CMB distortions arising from dissipation of
primordial perturbations on small scales. These will be proportional to the primordial small
scale power. For Gaussian initial conditions, di�erent small scale patches are uncorrelated,
and the average distortion will be the same everywhere. If, however, we are in presence of
NG initial conditions correlating large and small scales, such as local-type NG, the average
small-scale power will vary from patch to patch, and it will be correlated with curvature
fluctuations on large scales. We can thus infer the expected fluctuations in the µ (and y)
distortions parameter by evaluating the contributions to small scale power, coming from cor-
relations with long wavelength modes. In this framework, let us consider a NG primordial
perturbation field, with non-zero gNL, while keeping fNL = 0 and ⇥NL = 0:

�(x) = �G(x) +
9

25
gNL

�
�G(x)

⇥3
. (2.1)

Let us split the curvature perturbation �G(x) into short and long wavelength parts, �G(x) =
�GS (x) + �GL (x), and similarly for �(x). Using this split into Eq. (2.1) we can read the corre-
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A	local	non-Gaussianity	modulates	the	small	scale	power	spectrum	and	hence	the	μ-distor>ons	
	

sponding short and long wavelength contributions to ⇥(x). The dominant terms are

⇥(x) = ⇥S(x) + ⇥L(x)

= ⇥GS (x) + ⇥GL (x) +
27

25
gNL⇥

G
S (x)

�
⇥GL (x)

⇥2
, (2.2)

so that the small-scale curvature perturbation modulated by the long-wavelength modes is
given by

⇥S(x) = ⇥GS (x)

⇧
1 +

27

25
gNL

�
⇥GL (x)

⇥2
⌃
. (2.3)

The fractional change in small-scale power due to the long-wavelength mode is therefore

�⌥⇥2�
⌥⇥2� ⌃ �µ

µ
⌃ 54

25
gNL

�
⇥GL (x)

⇥2
. (2.4)

As written in the second equality the fractional change in small-scale power determines the
fractional change in the µ type distortions, since the average µ distortions are given by

⌥µ� ⌃
↵

d ln k�2
⇥(k)F (k) , (2.5)

where �2
⇥(k) is the power spectrum of the primordial curvature perturbations. F (k) is the

k-space window function denoted as W (k) in [34]: F (k) ⌃ (9/4)[e�2k2/k2D(zi) � e�2k2/k2D(zf )]
where kD(z) is the damping scale, and we need to evaluate the di�erence respectively at
redshifts zi ⌅ 2⇥106 and zf ⌅ 5⇥104, defining the µ-distortion era. Such redshifts correspond
to di�usion scales ki ⇤ kD(zi) ⌃ 12000Mpc�1 and kf ⇤ kD(zf ) ⌃ 46Mpc�1 [37–40]. Let us
now compute the TTµ bispectrum induced by the gNL type trispectrum

⌥
�T1

T

�T2

T

�µ3

µ

�
⌃ 54

25
gNL

⌥
⇥1
5

⇥2
5

�
⇥GL3

⇥2
�

= 108 gNL

⌥
�T1

T

�T3

T

�⌥
�T2

T

�T3

T

�
. (2.6)

In Eq. (2.6) the indices 1, 2, 3 refer to three di�erent positions on last-scattering surface (or,
by means of an angular projection from the last-scattering surface, they label three di�erent
directions in the sky). Also, in writing Eq. (2.6) we have used that the large-angle temperature
fluctuation is given by �T/T ⌃ �⇥/5 (in the Sachs-Wolfe (SW) approximation).

The equation above describes correlation between �T/T and the fractional change in µ-
distortions, �µ/µ. If we want to work with µ-fluctuations instead, we simply have to multiply
Eq. (2.6) by the average µ distortions, Eq. (2.5). In the case of a scale invariant spectrum of
primordial curvature perturbations with �2

⇥(k) = AS , ⌥µ� ⌃ (9/4)AS ln(ki/kf ), this yields

bTTµ
⇤1⇤2⇤3

⌃ 108 gNL
9

4
AS ln

⇤
ki
kf

⌅
CTT
⇤1 CTT

⇤2 , (2.7)

where we have moved to ⇤ space by the harmonic transformation:
 
�T1
T

�T2
T

⌦
⇧ CTT

⇤1
and

 
�T1
T

�T2
T �µ3

⌦
⇧ bTTµ

⇤1⇤2⇤3
, with CTT

⇤ and bTTµ
⇤1⇤2⇤3

denoting the angular power spectrum and
bispectrum (3.12), respectively.
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Take	as	a	model	

Split	into	short	and	long	fluctua>on	parts		

sponding short and long wavelength contributions to ⇥(x). The dominant terms are

⇥(x) = ⇥S(x) + ⇥L(x)
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Forecasts	
Simple	Fisher	matrix	analysis	

3.3 Contributions of the Gaussian part

Before concluding this section it is however important to consider whether Gaussian contri-
butions to the trispectrum might produce a bias in gNL and ⇧NL measurements from the TTµ
signal. The short answer is “no”, and this is due again to the fact that µ-distortions filters very
small scales, while temperature anisotropies are generated at large scales, so that, in absence
of mechanisms coupling short and long modes, the two are uncorrelated. A full calculation
confirms this. We start with the primordial 4-point function generated by Gaussian primor-
dial perturbations. If we neglect disconnected term, contributing only to the monopole, this
reads

�⇤k1⇤k2⇤K1⇤K2 = (2⌅)6P (k1)P (k2)⇥
(3) (k1 +K1) ⇥

(3) (k2 +K2) + (k1 ⌃ k2) . (3.35)

If we plug this into Eq. (3.4), and follow analogous steps as for the calculation of the gNL
signal, we obtain, keeping into account the approximation used in Eq. (3.14) :
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In the SW limit, we can take �̃T
� (z) ⇧ �1

5�
µ
� (xls, z). If we now consider the asymptotic

approximation (3.21), we can see how this quantity is essentially vanishing in the relevant
range of scales ⌃1, ⌃2, ⌃3 ⌅ Lf . Assuming Gaussianity of the noise, for a given experiment,
we can then conclude that the TTµ statistic is able to provide unbiased estimates of the local
trispectrum parameters gNL and ⇧NL.

4 Forecasts

If we consider a case with fNL = 0, we can forecast error bars on TTµ estimates of gNL and
⇧NL using the Fisher matrix:
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where b̂TTµ denotes the TTµ bispectrum normalized at gNL = 1 or ⇧NL = 1, and we took
CTµ
� = 0 in the denominator, as it is the case when fNL = 0. Regarding the µµ contribution to

the denominator, the contribution arising from the Gaussian part of the signal is computed
as Cµµ,G

� ⇤ 10�30 for ⌃ � 1000, in the same manner as [27]. We note here that, if ⇧NL
does not vanish, the NG contribution to µµ dominates over the Gaussian part at small ⌃’s
(the G contribution is constant, while the NG part scales like ⌃�2 [27]). We account for the
degradation of the error bars, obtained with the inclusion of this NG contribution, by simply
adding it to Cµµ

� in the denominator of Eq. (4.1). A full forecast, including di�erent fiducial
values of fNL, gNL and ⇧NL and the joint covariance between 2 and 3-point signals, while
interesting, is beyond the scope of the current analysis, and will be pursued in future work.
Regarding the contribution to µµ arising from the gNL-part of the primordial trispectrum,
similar calculations to those performed in [27] for the ⇧NL-part show that this is negligible
with respect to the Gaussian part, for values of gNL which are not ruled out by Planck [6].
We find in fact Cµµ,gNL

� ⇤ 10�37gNL for ⌃ � 1000.
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- 																						taking	f_NL=0	
- 			Also:											receives	a	contribu>on	from	τ_NL	if	τ_NL≠0.	
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does not vanish, the NG contribution to µµ dominates over the Gaussian part at small ⌃’s
(the G contribution is constant, while the NG part scales like ⌃�2 [27]). We account for the
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� ⇤ 10�37gNL for ⌃ � 1000.
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Figure 2. Expected 1� errors on gNL (top panel) and ⇥NL (bottom panel) estimated from TTµ
(colored lines) and TTTT (black lines) in the cosmic-variance dominated case (i.e., Nµµ

⇥ = 0). Solid
and dashed lines are the full radiation transfer case (Eqs. (3.25) and (3.31) for TTµ) and the SW case
(Eqs. (3.26) and (3.34) for TTµ), respectively. In the TTµ cases, we consider several nonzero ⇥NL’s
with fNL = 0. For ⇥NL = 0, �gNL and �⇥NL obtained from TTµ scale like 1/ ln(⇤max/2) and 1/⇤max,
respectively (see Eqs. (4.4) and (4.7)). It is apparent that, if ⇥NL � 1000, for ⇤max � 1000, TTµ
always outperforms TTTT , because Cµµ,G

⇥ + Cµµ,�NL
⇥ ⇥ CTT

⇥ . At larger ⇤max, TTµ remains clearly
superior than TTTT for gNL measurements. For ⇥NL estimation the comparison is instead dependent
on the fiducial value of ⇥NL; see main text for further discussion
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Figure 3. Expected 1� errors on gNL computed from TTµ (colored lines) for noise-levels representa-
tive of Planck, PIXIE and CMBpol. For comparison, we also plot the errors computed from TTTT
(black lines) for a noiseless CMB survey, which are almost the same as the errors obtained in the
Planck temperature data analysis [5, 6]. Solid and dashed lines correspond to the results including
full CMB transfer function (Eqs. (3.25) and (3.31) for TTµ) and those in the SW limit (Eqs. (3.26)
and (3.34) for TTµ), respectively. We here assume fNL = ⇥NL = 0. For ⇤max � ⇤µ, the scalings agree
with expectations from Eqs. (4.1) and (4.4): �gNL � (Nµ/10�30)1/2[ln(⇤max/2)]�1. At larger ⇤, when
Nµ starts dominating, the TTµ sensitivity falls below TTTT .
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Figure 4. Expected 1� errors on gNL (top panel) and ⇥NL (bottom panel) estimated from TTµ
(colored lines) at ⇤max = 1000, as a function of the magnitude of instrumental noise Nµ, keeping
⇤µ = 1000 angular resolution fixed. Black lines show the expected errors, at ⇤max = 2000, obtained
from TTTT in a noiseless CMB measurement, very close to the error bars obtained from the Planck
temperature data [5, 6]. In the TTµ cases, we consider several nonzero ⇥NL’s with fNL = 0. The TTµ
bispectrum used in this estimation is computed from Eqs. (3.25) and (3.31), including the full CMB
transfer function dependence.
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�NL ⌥= 0, �gNL deviates drastically from ⌃ 1/ ln(⇥max/2), because of non-negligible contribu-
tions of Cµµ,�NL

⇥ to the denominator of the Fisher matrix.
For comparison, in Fig. 2, we also plot our expected uncertainties estimated in a noise-

less, cosmic-variance-dominated measurement of the CMB temperature trispectrum (TTTT ),
which agree with results in previous literature [54–58]. This level of sensitivity is essentially
already achieved using current Planck data [5, 6]. As shown in this figure, since the cosmic
variance uncertainty for µ- distorsions is smaller than that for temperature anisotropies (i.e.,
Cµµ,G
⇥ +Cµµ,�NL

⇥ ⌅ CTT
⇥ ), TTµ allows to achieve better sensitivity to both gNL and �NL than

TTTT does, for ⇥max ⇥ 1000. However, given the di�erence in scaling with ⇥max of the two
quantitites – i.e. ��TTµ

NL ⌃ ⇥�1
max (4.7) vs. ��TTTT

NL ⌃ ⇥�2
max [54] – TTTT might become better

than TTµ at measuring �NL for higher ⇥max, and large values of �NL.

4.2 E�ects of experimental uncertainties

Besides the ideal, cosmic-variance dominated case, we consider also several di�erent noise lev-
els, corresponding to experiments like Planck [59], PIXIE [60] and CMBpol [61]. For µ-µ noise
spectra, we assume Nµµ

⇥ = Nµexp
�
⇥2/⇥2µ

⇥
, with (Nµ, ⇥µ) = (10�15, 861) (Planck), (10�17, 84)

(PIXIE) and (2�10�18, 1000) (CMBpol) [28, 32]. As it is typical for this type of analysis, we
see that current and forthcoming surveys, such as Planck and PIXIE, are expected to produce
error bars on relevant NG parameters which are much worse than what is achievable with the
current Planck measurements or cosmic-variance-dominated CMB measurememts (compare
colored lines with black lines in Fig. 3). If we focus on gNL, and consider the fiducial case
�NL = 0 (resulting in Cµµ

⇥ = Cµµ,G
⇥ + Nµµ

⇥ ), we find that Planck can achieve a level of sen-
sitivity �gNL ⇧ 107, while PIXIE and CMBpol are expected to reach �gNL ⇧ 2 � 106 and
�gNL ⇧ 6� 105, respectively, as described in Fig. 3.

It is interesting to estimate the noise level in µ-distortion measurements, required for
TTµ to achieve better sensitivity than TTTT . To this purpose, we compute �gNL and
��NL at ⇥max = 1000, gradually decreasing the magnitude of instrumental noise, Nµ, from
10�18 to 10�30. For the angular resolution, we consider ⇥µ = 1000, comparable to the value in
CMBpol [61]. Figure 4 describes our numerical results. For large Nµ, Cµµ

⇥ , at the denominator
of (4.1), is dominated by instrumental noise. The error bars thus scale like

⇤
Nµ. However,

as Nµ decreases, Nµµ
⇥ becomes subdominant compared with Cµµ,�NL

⇥ or Cµµ,G
⇥ , and the error

bars finally plateau for Nµ � Cµµ,G
⇥ ⇤ 10�30. This behavior is displayed in Fig. 4, for

several fiducial values of �NL. We find from the top panel of Fig. 4 that, if we want TTµ
to outperform TTTT at measuring gNL, Nµ � 10�20 is required, independently of �NL. In
contrast, for the �NL case, the final result depends strongly on the actual value of �NL. We
have already seen in the previous subsection that a detectable �NL should obey ��NL < �NL,
making �NL ⇤ 40 the smallest detectable value, for Nµ = 0. For this reason TTTT will
always be better than TTµ for measuring small values of �NL. Nonetheless, as seen in the
bottom panel of Fig. 4, �NL = 100 (1000) is detectable using TTµ, when Nµ � 10�23 (10�20),
while being unmeasureable with TTTT in the same regime. If we further increase �NL to
reach �NL > 1000, then TTTT again outperforms TTµ. Of course, the most powerful way
to measure �NL using spectal distorsions is via µµ correlations ([27]), and that approach can
potentially vastly outperform the temperature trispectrum. If we consider �NL, TTµ can be
seen essentially a cross-check of tighter µµ results.
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So	why	CMB	spectral	distor>ons	are	
interes>ng	in	this	context?		

Among	the	many	reasons:	
1.	There	is	an	enormous	wealth	of	informa>on	that	can	be	poten>ally		
					exploited	through	new	and	original	applica>ons		
	
2.	We	are	tes>ng	the	predic>ons	of	the	standard	cosmological	model:		
					ΛCDM+standard	models	of	infla>on		
	
3.	The	specific	signal	in	Tμ,	TTμ	depends	on	the	specific	infla>onary		
					models	considered	(e.g.	imprints	from	primordial	vector	fields,		
					non-Bunch	Davies	vacuum	states).		
					Also:	can	test	alterna>ve	models	of	infla>on,	like	ekpyro>c	models		
					which	predict	gNL	<-1700	a	or		-1000	<	gNL	<-100.		
	
4.	Our	TTμ	provides	an	unbiased	es>mator	for	the	local	trispectrum	gNL		



3.Some	models	can	already	be	at	reach	of	present	sensi>vi>es		
12
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FIG. 6. Signal-to-noise ratio of CµT
l from the modified initial

state for ϵ = 10−2, as a function of the occupation number
N . The top and bottom lines are for θk ≈ const (dashed)
and θk ≈ kη0 (solid), respectively. The noise level is Cµµ,N

l =

4π × 10−16el
2/842 for both cases (i.e., the r.m.s. uncertainty

of µ averaged over the full sky is 10−8, and the beam size
is 1.6◦). The signal-to-noise ratio is proportional to ϵ and is
inversely proportional to the r.m.s. uncertainty of µ.

increase in the signal-to-noise ratio relative to the local-
form bispectrum is consistent with the analytical esti-
mate given in Eq. (58).
Note that these calculations were done assuming η0

was finite, i.e., we included the last lines of Eqs. (19) and
(20). If we ignore the exponential terms in Eq. (15) by
taking η0 → η0 + iϵ|η0| for large |η0|, then the signal-to-
noise ratio goes down to about ten for θk ≈ kη0 and N ≈
0.5, which is still large enough for detection. Therefore,
we should be able to detect CµT

l in the PIXIE experiment
unless N were very small.
If the calibration of detectors at different frequencies

meets the requirements (see Section VID), then PIXIE
would be able to improve its signal-to-noise ratio for de-
tecting CµT

l by an order of magnitude. Moreover, if
Planck’s calibration meets the requirement, Planck would
be able to detect this signal. This merits further study.
However, one caveat should be mentioned, namely that

these results assume that the cut-off wavenumber, kcut,
lies above the scales involved in the µ-distortion. If
kcut lay within the µ-distortion scales, this model could
produce a measurable CMB and LSS signal but have a
smaller-than-expected CµT

l .

VII. CONCLUSION

We have investigated phenomenological consequences
of a modification of the initial state of quantum fluc-
tuations generated during single-field slow-roll inflation.
In our model, the initial state is given by a Bogoliubov
transformation on the standard Bunch-Davies initial vac-
uum state. A distinctive feature of this model is that the

bispectrum of ζ in the squeezed configuration – where
one of the wavenumbers, k, is much smaller than the
other two, i.e., k ≪ k1 ≈ k2 – is enhanced by a fac-
tor of k1/k relative to the local-form bispectrum [15].
This enhancement generates notable effects on the scale-
dependent bias of LSS and on the µ-type distortion of
the black-body spectrum of CMB.
For LSS, the scale-dependent bias goes as k̄1/k3 in-

stead of 1/k2, where k̄1 is a characteristic wavenumber
corresponding to the short-wavelength mode in LSS for
a given halo mass (Eq. (31)).
For the µ-type distortion, the squeezed configuration

bispectrum can make µ anisotropic, which can be mea-
sured by cross-correlating a map of µ with a map of CMB
temperature anisotropy on large scales [21]. The mod-
ified initial state enhances power spectrum CµT

l of this
cross-correlation by a factor of kDrL, which corrresponds
to the ratio of the wavenumber of the acoustic damping
scale to the wavenumber measured by CMB temperature
anisotropy on large scales. We predict that an absolutely-
calibrated experiment such as PIXIE can detect CµT

l un-
less the occupation number is much smaller than of order
unity.
As this effect makes µ anisotropic, one may not even

need an absolutely-calibrated experiment. If detectors
at different frequencies are calibrated to have the same
response to thermal CMB with the sufficient precision,
then relatively-calibrated experiments such as Planck
and LiteBIRD could detect this signal.
We acknowledge that our derivation of the bispectrum

from a modified initial state is limited by uncertainties
about how to set initial conditions and how to translate
these conditions into a proper calculational framework.
While we think that the calculations presented in this
paper capture plausible outcomes of a modified initial
state, more investigation on quantum field theory with
such a state is still necessary. That this model predicts
such interesting signatures in LSS and the CMB moti-
vates further study.
Finally, while we have focused only on the bispectrum

in the squeezed configuration in this paper, this model
also predicts a large bispectrum in the folded limit, where
the largest wavenumber is equal to the sum of the other
two wavenumbers, k1 = k2 + k [26, 27, 31]. The obser-
vational signatures that we have discussed in this paper
should come also with the signal in the folded limit, which
provides a powerful cross-check of the nature of the de-
tected signal.
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Devia>ons	from	a	Bunch-Davies	vacuum	state	during	infla>on	could	be		
already	detected	by	Planck	via	CMB	μ-spectral	distor>ons;		
for	sure	at	reach	of	a	PIXIE	like	experiment	



4.	An	unbiased	es>mator	for	TTμ		
Ø 	We	have	verified	that	the	Gaussian	component		of		TTμ	is	largely		
						suppresed	
	
Ø  	This	is	par>cularly	interes>ng,	and	very	different	w.r.t	to	the	CMB		
							trispectrum	es>mator,	where	a	miscalibra>on	of	the	Gaussian	part	
							can	produce	a	strong	bias		
	
Ø  	So	it	is	actually	already	worth	to	carry	on	an	analysis	with	present		
						Planck	CMB	data	(N.B.:	we	do	not	need	absolute	measurements	of		
						the	distor>ons)		
	
Ø  	An	analysis	of	Planck	data	for	Tμ	and	μμ	already	exists		
					(see	Khatri	)		



The	exact	shape	of	the	TTμ	bispectrum	depends	on		
the	primordial	infla>onary	scenario	under	exam			
	
	
e.g.	CMB	spectral	distor*ons		
(+	CMB	anisotropies	and		some	LSS	observables)		
can	be	efficient	also	in	constraining	anisotropic	sources		
during	infla*on,	related	e.g.	to		the	presence	of	vector	fields	
	
	



New signatures (I):  
anisotropic sources of inflation  



Preliminary	considera*ons	
Typically	when	vector	fields	are	present	during	infla>on	with	a		
non-vanishing	vev																	the	power	spectrum	of	primordial	curvature		
perturba>ons	get	a	quadrupolar	correc>on		
	
e.g.	

If one or more vector fields are dynamically relevant during inflation (irrespectively of
whether the inflaton is a scalar or a pseudoscalar), they generally acquire a non-vanishing
vacuum expectation value (vev) coherent on super-horizon scales. This leads to anisotropic
expansion and can imprint a directional dependence on the CMB polyspectra, including non-
vanishing o�-diagonal signals in the CMB covariance matrix ⌅a�1m1a

⇥
�2m2

⇧, e.g., [34–37]. For
example, in the well-known f(⇥)F 2 model, a quadrupolar modulation arises in correlations
of primordial perturbations [38–44], and the amplitude parameters of these modulations
(conventionally denoted by g⇥ for the power spectrum [34] and c2 for the bispectrum [43])
have been constrained by CMB observations to be consistent with 0 [45, 46]. In this model,
rotational invariance is broken, but parity symmetry is conserved; hence nonzero TT, TE,
EE and BB (TB and EB) are allowed for the configurations ⇤1 = ⇤2 ± 2, ⇤2 (⇤1 = ⇤2 ± 1).

A goal of this work is to explore primordial scalar (curvature perturbation) and tensor
(gravitational waves) correlations and their signatures on CMB power spectra in the cases in
which a pseudo-scalar inflaton (thus, breaking parity) is coupled to a vector field with a non-
vanishing coherent vev (thus, breaking statistical isotropy). We provide general expressions
for the correlators as a function of the time dependence of the vector vev, under the assump-
tion of a homogeneous coherent vev A(0) = (0, 0, Az(�)). We then evaluate these expressions
in the simple case in which the amplitude decays as the square of the scale factor, as it
would be obtained for the most standard L = �1

4F 2 lagrangian for the vector field. We show
that, in this case, the resulting primordial power spectra have anisotropic quadrupolar terms
with highly red-tilted (k�4) scale dependence, and moreover, scalar-tensor and tensor-tensor
power spectra violate parity.

The k�4 scale-dependence is due to the fact that we assume a conventional F 2 kinetic
term for the vector field, and we impose the vector vev as an initial condition; in this case
the vector vev rapidly decreases as the universe expands. This initial condition can emerge
if the kinetic term of the inflaton field is of the type f(⇥)F 2, with f function of the inflaton
⇥. If the functional form of f is such that f(⇥(t)) ⇥ a�4 (where a is the scale factor),
then the model sustains a constant vector vev [47]. This vev arises from the unavoidable
accumulation of the IR modes of the vector field, which, for f ⇥ a�4, have a constant and
scale invariant spectrum outside the horizon, and that therefore unavoidably add up to each
other to form a coherent vev [42]. Within this mechanism, the specific example that we study
here corresponds to a transition from f ⇥ a�4 (giving constant vector vev) to f = constant
(giving a decreasing vev) when the large-scale CMB modes were produced. A constant vector
vev can also emerge in models with a suitable potential V ( ⌅A2). One could imagine a phase
transition so that the minimum of this potential changes from ⌅ ⌅A⇧ ⇤= 0 to ⌅ ⌅A⇧ = 0 when
the large-scale CMB modes were produced. Potentials that generate a vector vevs during
inflation were first considered in ref. [48], but they introduce ghosts [49]. Such a problem is
not present for the f(⇥)F 2 mechanism.

Computing all types of temperature and polarization power spectra, we find interesting
signals that are not realized in the f(⇥)F 2 model or in the statistically isotropic pseudo-
scalar inflation; namely, we obtain ⇤1 = ⇤2 ± 1 correlations in TT, TE, EE and BB, and
⇤1 = ⇤2 ± 2 in TB and EB, due to coexistence of parity violation and broken rotational
invariance. Correspondence between primordial symmetry breakings and resulting CMB
correlations as explained above is summarized in table 1.

This paper is organized as follows. In the next section, we summarize our model. In sec-
tion 3, we estimate primordial scalar-scalar, scalar-tensor and tensor-tensor correlations, and
in section 4 we analyze their imprints in the CMB (for further details, see also appendix A).
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breaking	of	sta>s>cal	isotropy	

For this analysis, we use the conventional g� parametrization for the power spectrum
[50] and the cL parametrization for the bispectrum [47], namely,

⇧
2�

n=1

⌅kn

⌃
= ⇥(3) (k1 + k2) P (k1)

⇤
1 + g�

�
k̂1 · Êvev

⇥2
⌅

, (4.1)

⇧
3�

n=1

⌅kn

⌃
=

⇥(3) (k1 + k2 + k3)
(2⌃)3/2

⌥

L

cLP (k1)P (k2)PL(k̂1 · k̂2) + 2 perms , (4.2)

where PL(x) is the Legendre polynomial. The latter bispectrum form is obtained after
averaging the original anisotropic bispectrum (3.20) over all directions of Êvev, in the spirit
of isotropic CMB measurements. This is the quantity that is immediately associated to
the angle-averaged reduced bispectrum computed from the data: the reduced bispectrum
b (k1, k2, k3) is obtained by averaging the bispectrum over all possible orientation of triangles
of sides of length k1, k2, k3. The theoretical prediction for the reduced bispectrum associated
to eq. (3.20) is therefore equivalent to the theoretical prediction associated to the average of
eq. (3.20) over all possible direction of Êvev [47]. 11

Keeping into account that the CMB data force |g�|⌅ 1 [63, 64], the sum of eqs. (2.21)
and (3.11) yields P (k) ⌃ 2⇥2

k3 P and

⇧ ⇧ 1 : g� ⌃ �
12N2

CMB

⌃⇤

e2⇥�

⇧3

⌥vev
E

⌥⇤
, (4.3)

where NCMB is the number of e-folds before the end of inflation at which the CMB modes
leave the horizon, ⌥⇤ ⌃ V (�) ⌃ 3M2

p H2 is the energy density of the inflaton, and ⌥vev
E ⇥ E2

vev
2

is the energy density of the gauge field.
Let us now compute the average of the bispectrum (3.20) over all directions of Êvev.

Using 12

 
d2Êvev

4⌃
C�⇥1

k̂1, k̂2, Êvev
=

1
9
P0(k̂1 · k̂2)�

1
6
P1(k̂1 · k̂2) +

1
18

P2(k̂1 · k̂2) , (4.4)

and setting Nk1 ⌃ Nk2 ⌃ Nk3 ⌃ NCMB, we obtain

⇧ ⇧ 1 : c0 = �4NCMB

3⌃

e2⇥�

⇧3
g� , c1 = �3c0

2
, c2 =

c0

2
. (4.5)

We compare eqs. (4.3) and (4.5) with the results obtained for the � = ⇧ = 0 case [47]

⇧ = 0 : g� ⌃ �
48 N2

CMB

⇤

⌥vev
E

⌥⇤
, c0 = �16

3
NCMB g� , c1 = 0 , c2 =

c0

2
. (4.6)

The Planck collaboration reported the 95% CL limits [26, 64] 13

� 0.0225 ⇤ g� ⇤ 0.0363 , �10.7 ⇤ c0 ⇤ 16.7 , �89 ⇤ c1 ⇤ 324 , �57 ⇤ c2 ⇤ 47 . (4.7)
11 In the study of CMB anisotropic bispectra [51, 52] this would correspond to single-out a monopole term

in a spherical harmonic expansion of the anisotropic bispectrum [51] that does contribute to the isotropic
(angle-averaged) bispectrum.

12This identity is easily derived using the spherical-harmonics representations of a unit vector and polar-
ization vector, see [65].

13These cL bounds correspond to the temperature only limits [26]: f local
NL = 2.5± 5.7, fL=1

NL = �49± 43 and
fL=2
NL = 0.5± 2.7 (68% CL), where c0 = (6/5)f local

NL , c1 = �(12/5)fL=1
NL and c2 = �(48/5)fL=2

NL hold.
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=

1
9
P0(k̂1 · k̂2)�

1
6
P1(k̂1 · k̂2) +

1
18

P2(k̂1 · k̂2) , (4.4)

and setting Nk1 ⌃ Nk2 ⌃ Nk3 ⌃ NCMB, we obtain

⇧ ⇧ 1 : c0 = �4NCMB

3⌃

e2⇥�

⇧3
g� , c1 = �3c0

2
, c2 =

c0

2
. (4.5)

We compare eqs. (4.3) and (4.5) with the results obtained for the � = ⇧ = 0 case [47]

⇧ = 0 : g� ⌃ �
48 N2

CMB

⇤

⌥vev
E

⌥⇤
, c0 = �16

3
NCMB g� , c1 = 0 , c2 =

c0

2
. (4.6)

The Planck collaboration reported the 95% CL limits [26, 64] 13

� 0.0225 ⇤ g� ⇤ 0.0363 , �10.7 ⇤ c0 ⇤ 16.7 , �89 ⇤ c1 ⇤ 324 , �57 ⇤ c2 ⇤ 47 . (4.7)
11 In the study of CMB anisotropic bispectra [51, 52] this would correspond to single-out a monopole term

in a spherical harmonic expansion of the anisotropic bispectrum [51] that does contribute to the isotropic
(angle-averaged) bispectrum.

12This identity is easily derived using the spherical-harmonics representations of a unit vector and polar-
ization vector, see [65].

13These cL bounds correspond to the temperature only limits [26]: f local
NL = 2.5± 5.7, fL=1

NL = �49± 43 and
fL=2
NL = 0.5± 2.7 (68% CL), where c0 = (6/5)f local

NL , c1 = �(12/5)fL=1
NL and c2 = �(48/5)fL=2

NL hold.

– 13 –



Ø 		Vector	fields	produce	a	sta-s-cal	anisotropic	bispectrum	typically	of	the	form	
						(N.B.,	Dimastrogiovanni,	Liguori,	Matarrese,	Rioio	2012)		

2 THE AUTHOR

(12) E(0) ⌥ 1
a2I0

(13) I0(⌥) ⌥ an

I0(⌥) ⌥ a�2c

(14) ⇥E

⇥ ⌦E
⇥
⌦k
⇤

=
⌃

⇤

Ek ⌦⇤⇤
⇥
⌦k
⇤ ⌥

a⇤

⇥
⌦k
⇤

+ a†
⇤

⇥
�⌦k

⇤�

⇥ ⌦B
⇥
⌦k
⇤

=
⌃

⇤

Bk ⌅⌦⇤⇤
⇥
⌦k
⇤ ⌥

a⇤

⇥
⌦k
⇤

+ a†
⇤

⇥
�⌦k

⇤�

⇥E(k, ⌥) ⌃ 3H2

⌦
2k3/2

, ⇥B(k, ⌥) ⌃ H2 ⌥⌦
2k1/2

, �k⌥ ⌅ 1(13)

(13) P⇥(k) = P (0)
⇥ (k)

⌥
1 + g⇥ (k) (k̂ · Êvev)2
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Ø 	For	the	vast	majority	these	bispectra	peaks	in	the	squeezed	configura>on	

Ø 	We	therefore	expect	that	CMB	spectral	distor>ons	to	be	sensi>ve	also	to	this	kind		
			of	anisotropic	bispectra				
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FIG. 1: Absolute values of the µ-T power spectra (normalized
by fNL) for �2M = 0 and ⇥1 = ⇥2 (red solid), �2M = 1 and
⇥1 = ⇥2 (green dashed) and �2M = 1 and ⇥1 = ⇥2 � 2 (blue
dotted), with m1 = m2 = 0. The red solid line is totally
consistent with a previous work [3].

One can find that, via the angular integrals, the
quadrupolar angular dependence in Eq. (14) induces
h�1�22 in Eq. (18), resulting in nonvanishing o�-diagonal
components: |⌃1 � ⌃2| = 2. Figure 1 describes the nu-
merical results of

⇤
aµ

�1m1
aT

�2m2

⌅
. One can confirm from

this figure that nonzero ⇤2M creates both diagonal (green
dashed line) and o�-diagonal (blue dotted one) signals
with di�erent shapes. We will study the detectability of
⇤2M in Sec. V.

The primordial models generating Eq. (14) often pro-
duce a quadrupolar asymmetry also in the curvature
power spectrum (see e.g., Ref. [24] for a vector inflation
model), the amplitude of which is generally characterized
via the parameter g⇥. One could expect some signature of
this modulation to be imprinted in Cµµ

�1m1,�2m2
, since we

know that the latter is sensitive to the ⇧NL trispectrum
parameter (see [2]), which in turn describes large scales
modulations of small-scale power [25, 26]. Of course, also
a standard isotropic primordial power spectrum is ex-
pected to produce a non-vanishing µ-µ correlation, via
its disconnected contribution to the trispectrum. The
hope here is that the anisotropic nature of the g⇥-signal
can again produce o�-diagonal couplings, that are not
sourced by the isotropic part. However this is not the
case, as we now explictly show.

We start with a power spectrum in a general
anisotropic form: ⌃⇥k1⇥k2⌥ = (2⌅)3�(3)(k1 + k2)P (k1).
In this form, the g⇥ parametrization is given as P (k) =
P (k)[1 + g⇥(k̂ · p̂)2]. We are thus now interested in
the study of µ-µ correlations arising from the above

anisotropic primordial power spectrum:
 

2�

n=1

aµ
�nmn

⌦
= 2(�i)�1+�2

⌥
2�

n=1

�
d3kn

2⌅2
P (kn)

�

⇥
�

d3k3�
(3)

⇧
3�

n=1

kn

⌃
Y ⇥

�1m1
(k̂3)Y ⇥

�2m2
(�k̂3)

⇥j�1(k3xls)j�2(k3xls)f2(k1, k2, k3) . (20)

The integrals are evaluated with the the squeezed-limit
signals (k1 ⌅ k2 ⇧ k3). The k̂3 integral can be then
reduced to

↵
d2k̂3Y ⇥

�1m1
(k̂3)Y ⇥

�2m2
(�k̂3) and this results

in vanishing o�-diagonal components, due to usual or-
thonormality of the spherical harmonics. We thus arrive
at the conclusion that, in the µ-µ power spectrum, the
anisotropic signatures of the curvature power spectrum
cannot be di�erentiated from the isotropic ones.

On the other hand, a connected anisotropic contribu-
tion to the curvature trispectrum is expected to create
some non-vanishing o�-diagonal signals, as well as di-
agonal ones due to ⇧NL. It is known that anisotropic
trispectrum signals can also be produced in vector infla-
tion models [27–31], while there may exist other possible
models where unknown anisotropic signals are realized.
The trispectrum parametrization is still non-trivial and
the resultant µ-µ signatures need to be analyzed on a
case by case basis, thus, we leave this for future work.

V. FISHER FORECAST

We now evaluate how the asymmetries discussed above
can be potentially measured through the Fisher matrix
analysis. In the limit that such asymmetries are regarded
as tiny modulations of the isotropic part, a minimum-
variance estimator for the magnitudes of the asymmetries
(in our paper, h = A1M or ⇤2M ) can be written as [22, 32]

ĥ =
1
2
F�1ã† �C

�h† ã (21)

where ã ⇤ C�1
obsa denotes the observed harmonic coe⇥-

cients after application of inverse-variance filtering. For
simplicity, we assume that o�-diagonal components of the
inverse of the covariance matrix are negligibly small, and
hence the Fisher matrix can be diagonalized.

When we estimate A1M from the µ-µ power spectrum,
the Fisher matrix is written as

Fµµ
A =

2
3

�max�

�1,�2=2

h2
�1�21

�
C̄µµ

�1
+ C̄µµ

�2

⇥2

Cµµ
�1,obsC

µµ
�2,obs

. (22)

Let us consider an ideal measurement where experimen-
tal uncertainties (arising from specific beam, mask and
noise) are negligible. Then, Cµµ

�,obs should be determined
by the cosmic variance alone; namely, we can write

Ø  What	is	achievable	for	an	ideal	cosmic	variance	limited	experiment?				
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(15) µ � �2
� � ⇥k1⇥k2

�T/T � ⇥k

(16) CµT
⇥ � ⇤⇥k1⇥k2⇥k3⌅

(16) �⇤µT
2M ⇥ 5 · 10�3

fNL

�
C̄µµ

⇥

10�28

⇥1/2

(ln ⌅max)�1/2

For	fNL	~	1	can	be	sensi>ve	to	λ2M	of	0.1%	improving	of	2	order	of	magnitudes	w.r.t.	to	the	TTT		
CMB	bispectrum	es>mators	

M.	Shiraishi,	M.Liguori,	N.B,	S.	Matarrese	2015	
6

δλ
2M

 ×
 f N

L

lmax

µT: Ideal
CMBpol

PIXIE
Planck

TTT

10-3

10-2

10-1

100

101

102

103

104

105

 10  100  1000

FIG. 2. Expected 1� errors on �2M for fNL = 1 estimated
from the µ-T correlation in the noise-free ideal case and in
the cases including the instrumental noises of Planck, PIXIE
and CMBpol. For comparison, the error estimated from the
temperature bispectrum [13] is also plotted. Following previ-
ous results in the literature, we take the cosmic variance level
as C̄µµ

` = 10�28.

trum, the Fisher matrix is written as

F

(µµ)

A

=
2

3

`

maxX

`

1

,`

2

=2

h

2

`

1

`

2

1

�
C̄

µµ

`

1

+ C̄

µµ

`

2

�
2

C

µµ

`

1

,obs

C

µµ

`

2

,obs

. (28)

In the noise-free ideal case, we can write C

µµ

`,obs

=

C̄

µµ

`

= const. This reduces the Fisher matrix to

F

(µµCV)

A

=
8

3

`

maxX

`

1

,`

2

=2

h

2

`

1

`

2

1

=
2

⇡

(`
max

+ 3)(`
max

� 2) , (29)

and hence an expected 1� error bar 1/
p
F is estimated

as

�A

(µµCV)

1M

⇡ 1.3

`

max

. (30)

This can be compared to the results estimated from the

temperature power spectrum. The Fisher matrix F

(TT )

A

becomes the same form of F (µµ)

A

, aside from a prefactor
4 due to the di↵erence of factor 2 between C

µµ

`

1

m

1

,`

2

m

2

in Eq. (22) and C

TT

`

1

m

1

,`

2

m

2

in Eq. (23). Since C̄

TT

`

and

C̄

TT

`±1

take almost identical values, the Fisher matrix for
the ideal cosmic-variance-limited case can be simplified

like Eq. (29), and we finally find �A

(TTCV)

1M

⇡ 2�A(µµCV)

1M

.
The errors for the cases with more realistic noise levels

are computed with C

µµ

`,obs

= C̄

µµ

`

+ N

µµ

`

. The results
plotted in Fig. 3 are consistent with the expectation from
Eq. (28) that, for `

max

. `

µ

, the error bars simply get
bigger by a factor N

µ

/C̄

µµ

`

with respect to the noise-free
ideal case. We stress again that we are considering here
just a toy model with a constant modulation extending
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FIG. 3. Expected 1� errors on A1M estimated from the µ-µ
correlation in the noise-free ideal case and in the cases includ-
ing instrumental noise levels of Planck, PIXIE and CMBpol.
We here adopt C̄µµ

` = 10�28.

up to very high `. The dipolar asymmetry that is found
in the CMB extends up to at most ` ⇠ 100, and it thus
leaves no signature in µ-µ.
Before concluding this section, we would like to stress

that the forecasts presented here do not take into account
important issues, like foreground subtraction. Such is-
sues play, of course, a crucial role in actual measure-
ments, and would most likely a↵ect the expected error
bars, plotted in Figs. 2 and 3, in a survey-dependent way
(with e.g. PIXIE expected to be significantly more e�-
cient than Planck or CMBpol at component separation
for µ reconstruction). An accurate investigation of these
e↵ects is beyond the scope of this simple analysis. Our
main goal in this section was just to show that, while in-
teresting information on isotropy-breaking signatures is

present in the µ-T and µ-µ correlations, only futuristic
surveys will be able to extract it (as is the case also for
many other NG signatures, such as primordial NG of the
local type, or signatures induced by primordial magnetic
fields).

VI. CONCLUSIONS

We studied CMB µ spectral distortion signatures aris-
ing from dissipation of acoustic waves in models charac-
terized by primordial breaking of rotational invariance.
We find that such anisotropic primordial scenarios pre-
dict distinctive o↵-diagonal signatures in the µ-T corre-
lation matrix.
More specifically, for NG models generating bispectra

with a quadrupolar asymmetry, as generally predicted
by anisotropic inflationary scenarios, we find nonvanish-
ing µ-T correlations with a distinct |`

1

� `

2

| = 2 signa-
ture. The coupling we find is consistent with what we
intuitively expected, due to the quadrupolar nature of
the rotation-invariance-breaking terms, and since these

Ø 	Dis>nc>ve	off-diagonal	signals	in	the	μ-T	correla>on		coupling	l1	with	l2±2	

3

which vanishes for configurations that do not respect the
triangle inequality, |l1 � l2| ⇤ l3 ⇤ l1 + l2, and parity
symmetry, l1 + l2 + l3 = even. One can notice that, in
⇧ space, the term including the dipolar asymmetry gets
convolved with the isotropic part:

āµ
⇥m = 4⌅(�i)⇥

↵
2✏

n=1

⇣
d3kn

(2⌅)3
⇥kn

�⇣
d3k3�

(3)

 
3�

n=1

kn

⌦

Y ⇥
⇥m(k̂3)j⇥(k3xls)f(k1, k2, k3) . (10)

Evaluating the auto-correlation in the squeezed-limit
yields

⇤
aµ

⇥1m1
aµ

⇥2m2

⌅
= C̄µµ

⇥1
(�1)m1�⇥1,⇥2�m1,�m2 +

(�1)m2Cµµ
⇥1m1,⇥2�m2

, where

C̄µµ
⇥ ⌅ 8⌅

⇣
k2
1dk1

2⌅2

k2
3dk3

2⌅2

[j⇥(k3xls)f(k1, k1, k3)P (k1)]
2 , (11)

Cµµ
⇥1m1,⇥2m2

⌅ 2(�1)m1
�
C̄µµ

⇥1
+ C̄µµ

⇥2

⇥
h⇥1⇥21

�

M

A1M

⌥
⇧1 ⇧2 1
�m1 m2 M

�
, (12)

with P (k) denoting the isotropic component of the
curvature power spectrum, defined in ⌃⇥k1⇥k2⌥ =
(2⌅)3�(3)(k1 + k2)P (k1).

The result above tells us that a non-zero dipolar asym-
metry creates a distinctive o�-diagonal signature, satis-
fying |⇧1 � ⇧2| = 1, in the µ-µ power spectrum. This
type of coupling is expected, given the dipolar nature
of the modulation. The same type of signature, for this
class of models, is seen (on di�erent scales) in the CMB
temperature power spectrum [22].

CTT
⇥1m1,⇥2m2

= (�1)m1
�
C̄TT

⇥1 + C̄TT
⇥2

⇥
h⇥1⇥21

�

M

A1M

⌥
⇧1 ⇧2 1
�m1 m2 M

�
. (13)

Note that C̄µµ
⇥ behaves as a white noise term, since this is

sourced by a Gaussian isotropic curvature perturbation,
and the maximum value is evaluated as C̄µµ

⇥ ⇥ 10�28 [2].
We know that the dipolar modulation observed in the

CMB power spectrum a�ects only relatively large scales,
⇧ ⇥ 60 (see e.g. [9, 10]). The choice A(k) = const,
that we just made above, is thus unable to explain cur-
rent observations. A red-tilted k-dependence must be
introduced in A(k), in such a way as to make the mod-
ulation negligible for k � 60/xls = 0.004 Mpc�1. In
this case one can see that the k1-integral in formula (12)
vanishes, since the window function f(k1, k1, k3) is not
suppressed only for large k1 (k1 > kD, where kD is the
Silk dampng scale). It is then not possible to use µ-µ to
test the possible primordial origin of the observed tem-
perature asimmetry. On the other hand, the o�-diagonal
coupling pointed out above could still be used to build
observational tests of rotational invariance at otherwise
unaccessible CMB scales.

IV. µ-T CORRELATIONS DUE TO
PRIMORDIAL ANISOTROPIC

NON-GAUSSIANITY

We here investigate potential imprints on spec-
tral distortions of primordial models which generate
a curvature bispectrum with a quadrupolar asym-
metry. This can be expressed as ⌃⇥k1⇥k2⇥k3⌥ =
(2⌅)3�(3) (k1 + k2 + k3) Bk1k2k3 with [23]

Bk1k2k3 =
6
5
fNLP (k1)P (k2)
↵
1 +

�

M

⇤2M

⇧
Y2M (k̂1) + Y2M (k̂2)

⌃�

+(2 perm) . (14)

This type of angle dependence is realized in scenarios of
anisotropic inflation driven by a U(1) gauge field (e.g.,
see Refs. [23, 24]). One can expect these models to
leave signatures in the µ-T correlation function, since
the isotropic part is of the local type (thus peaked on
squeezed triangles), and the µ-T correlation is indeed
sensitive to the squeezed-limit of the curvature bispec-
trum (k1 ⌅ k2 ⇧ k3).

Evaluating the correlation between the har-
monic coe⇥cients of the µ-distortion (equiva-
lent to Eq. (10)) and the temperature anisotropy
aT

⇥m = 4⌅i⇥
�

d3k
(2�)3 T⇥(k)⇥kY ⇥

⇥m(k̂) yields

⇤
aµ

⇥1m1
aT

⇥2m2

⌅
⌅ i⇥2�⇥1

⇣
d3k1

2⌅2

⇣
d3k3

2⌅2

Y ⇥
⇥1m1

(k̂3)Y ⇥
⇥2m2

(k̂3)T⇥2(k3)j⇥1(k3xls)
f(k1, k1, k3)Bk1,�k1,k3 . (15)

After inserting the squeezed-limit form of Eq. (14) into
the above equation and performing the k̂3 integrals as�

d2k̂3Y ⇥
⇥1m1

(k̂3)Y ⇥
⇥2m2

(k̂3) = (�1)m1�⇥1,⇥2�m1,�m2 and
⇣

d2k̂3Y
⇥
⇥1m1

(k̂3)Y ⇥
⇥2m2

(k̂3)Y2M (k̂3)

= (�1)m1+m2h⇥1⇥22

⌥
⇧1 ⇧2 2
�m1 �m2 M

�
,(16)

we obtain the final form:
⇤
aµ

⇥1m1
aT

⇥2m2

⌅
=

C̄µT
⇥1

(�1)m1�⇥1,⇥2�m1,�m2 + (�1)m2CµT
⇥1m1,⇥2�m2

, where

C̄µT
⇥ = fNLGµT

⇥⇥ , (17)

CµT
⇥1m1⇥2m2

= i⇥2�⇥1fNLGµT
⇥1⇥2

(�1)m1h⇥1⇥22

�

M

⇤2M

⌥
⇧1 ⇧2 2
�m1 m2 M

�
, (18)

GµT
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⇣
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1dk1

2⌅2

⇣
k2
3dk3

2⌅2
T⇥2(k3)j⇥1(k3xls)

f(k1, k1, k3)
12
5

P (k1)P (k3) . (19)



Preliminary	considera*ons	
Ø 		Vector	fields	with	a	non-vanishing	vev	produce	a	sta-s-cal	anisotropic	bispectrum		
		typically	of	the	form	(N.B.,	Dimastrogiovanni,	Liguori,	Matarrese,	Rioio	2012)		
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Ø 	Es>mators	for	anisotropic	bispectra	has	been	proposed	in	N.B.,	E.	Dimastrogiovanni,	
				M.Liguori,	S.	Matarrese,	A.	Rioio.	Not	yet	appllied	to	the	real	data.	
	
Ø 	So,	to	connect	to	what	is	actually	constrained	with	the	data	one	usually	makes		
					an	angle-average	of	the	anisotropic	bispectrum	
				(only	isotropic	bispectra	have		been	constrained	so	far).		

	
	



Predic>on	for	primordial	NG:	bispectrum		

For this analysis, we use the conventional g� parametrization for the power spectrum
[50] and the cL parametrization for the bispectrum [47], namely,

⇧
2�

n=1

⌅kn

⌃
= ⇥(3) (k1 + k2) P (k1)

⇤
1 + g�

�
k̂1 · Êvev

⇥2
⌅

, (4.1)

⇧
3�

n=1

⌅kn

⌃
=

⇥(3) (k1 + k2 + k3)
(2⌃)3/2

⌥

L

cLP (k1)P (k2)PL(k̂1 · k̂2) + 2 perms , (4.2)

where PL(x) is the Legendre polynomial. The latter bispectrum form is obtained after
averaging the original anisotropic bispectrum (3.20) over all directions of Êvev, in the spirit
of isotropic CMB measurements. This is the quantity that is immediately associated to
the angle-averaged reduced bispectrum computed from the data: the reduced bispectrum
b (k1, k2, k3) is obtained by averaging the bispectrum over all possible orientation of triangles
of sides of length k1, k2, k3. The theoretical prediction for the reduced bispectrum associated
to eq. (3.20) is therefore equivalent to the theoretical prediction associated to the average of
eq. (3.20) over all possible direction of Êvev [47]. 11

Keeping into account that the CMB data force |g�|⌅ 1 [63, 64], the sum of eqs. (2.21)
and (3.11) yields P (k) ⌃ 2⇥2

k3 P and

⇧ ⇧ 1 : g� ⌃ �
12N2

CMB

⌃⇤

e2⇥�

⇧3

⌥vev
E

⌥⇤
, (4.3)

where NCMB is the number of e-folds before the end of inflation at which the CMB modes
leave the horizon, ⌥⇤ ⌃ V (�) ⌃ 3M2

p H2 is the energy density of the inflaton, and ⌥vev
E ⇥ E2

vev
2

is the energy density of the gauge field.
Let us now compute the average of the bispectrum (3.20) over all directions of Êvev.

Using 12

 
d2Êvev

4⌃
C�⇥1

k̂1, k̂2, Êvev
=

1
9
P0(k̂1 · k̂2)�

1
6
P1(k̂1 · k̂2) +

1
18

P2(k̂1 · k̂2) , (4.4)

and setting Nk1 ⌃ Nk2 ⌃ Nk3 ⌃ NCMB, we obtain

⇧ ⇧ 1 : c0 = �4NCMB

3⌃

e2⇥�

⇧3
g� , c1 = �3c0

2
, c2 =

c0

2
. (4.5)

We compare eqs. (4.3) and (4.5) with the results obtained for the � = ⇧ = 0 case [47]

⇧ = 0 : g� ⌃ �
48 N2

CMB

⇤

⌥vev
E

⌥⇤
, c0 = �16

3
NCMB g� , c1 = 0 , c2 =

c0

2
. (4.6)

The Planck collaboration reported the 95% CL limits [26, 64] 13

� 0.0225 ⇤ g� ⇤ 0.0363 , �10.7 ⇤ c0 ⇤ 16.7 , �89 ⇤ c1 ⇤ 324 , �57 ⇤ c2 ⇤ 47 . (4.7)
11 In the study of CMB anisotropic bispectra [51, 52] this would correspond to single-out a monopole term

in a spherical harmonic expansion of the anisotropic bispectrum [51] that does contribute to the isotropic
(angle-averaged) bispectrum.

12This identity is easily derived using the spherical-harmonics representations of a unit vector and polar-
ization vector, see [65].

13These cL bounds correspond to the temperature only limits [26]: f local
NL = 2.5± 5.7, fL=1

NL = �49± 43 and
fL=2
NL = 0.5± 2.7 (68% CL), where c0 = (6/5)f local

NL , c1 = �(12/5)fL=1
NL and c2 = �(48/5)fL=2

NL hold.

– 13 –

C0	corresponds	to	the	so	called	local	non-Gaussianity	
Why	Looking	for	cL	with	L>0?		They	are	sensi>ve	to	vector	fields	or	to	non-trivial		
Symmetry		of	the	inflaton	field	
	
Ø 																						producing		c0		and	c2=c0	/2		
							(N.B.,	S.	Matarrese,	M.	Peloso,	A.Ricciardone,	2013;	M.	Shiraishi,	E.	Komatsu,	M.	Peloso,		
								N.	Barnaby	2013)	
	
Ø  	models	with	an	axion	inflaton	field		
					(N.B.,	S.	Matarrese,	M.	Peloso,	M.	Shiraishi,	2015)	

	
Ø 	Solid	infla>on	with	c2>>c0							(S.	Endlich,	A.	Nicolis,	and	J.	Wang,	2013)	
	
Ø 		Large-scale	magne>c	fields	generate	c0,	c1,	and	c2	at	the	radia>on	era				
						(M.	Shiraishi		2012)	
				

BRIEF ARTICLE

THE AUTHOR

(1) L = �1
2
⌦µ ⌦

µ � V ( ) � 1
4
Fµ⇥Fµ⇥ � 1

4f
 F̃µ⇥Fµ⇥

(2) Fµ⇥ ⇥ ⌦µA⇥ � ⌦⇥Aµ

(3) � �A ⌥= 0

(4) ↵1 = ↵2 ± 1

(5) ↵1 = ↵2 ± 2

(6) ⌅ = +1,�1

(7) fhh ⇤ ⇥f�h ⇤ ⇥f��

(8) ⌥A/⌥⌅ ⌅ 1

(9) I0( (�)) ⌃ an(�) ,

�
3⇤

n=1

⇤̂kn

⇥

1

=
�(3)(k1 + k2 + k3)

(2⌃)3/2
C⇤�1

k̂1, k̂2, Êvev
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and EB correlators for |⇧1 � ⇧2| = 2 [39]. Mathematically, all the CMB signals satisfying
|⇧1 � ⇧2| = odd (even) in TT, TE, EE and BB (TE and EB) are parity-odd. These can be
realized only when the primordial correlators include parity-violating information. On the
other hand, the primordial correlators can generate nonzero CMB signals satisfying ⇧1 ⌅= ⇧2,
only when they break rotational invariance. Hence, the above signals become distinctive
indicators of broken parity and rotational invariance in the primordial Universe. 1

In ref. [39], we have presented a proof of the existence of these interesting signals,
analyzing the simplest lagrangian (1.1). In this case, however, the vev of the vector field
(which is the quantity breaking statistical isotropy) decays very rapidly during inflation,
⇥A ⇤ A2 ⇤ a�4 (where a is the scale factor), so that one needs to assume that a vector vev
is present as an ad-hoc initial condition when the CMB modes left the horizon. The rapid
decrease of ⇥A then implies that only the largest CMB modes can be a�ected by it, so that
the induced non-diagonal correlators are highly red-tilted (they are ⇤ k�4). It was found in
ref. [39] that only CMB multipoles with ⇧ � 10 can be a�ected at a detectable level.

As anticipated in ref. [39], a more natural initial condition, and a more interesting signal,
can be obtained if the kinetic term of the vector field is modified as in the Ratra mechanism
[40], so to allow for a nearly constant ⇥A. Specifically, if the kinetic term is �f(�)

4 F 2, and if
the functional form of f(⇤) is chosen such that the background evolution satisfies f(⇤(t)) =
a�4(t), then the vector has a constant electric vev (we are using standard electromagnetic
notation for simplicity, although we do not need to assume that Aµ corresponds to the
standard model photon). This time dependence can be achieved through a suitable relation
between f(⇤) and the inflation potential [41].

A model that provides a non-decaying ⇥A and that breaks parity has been recently
considered in ref. [34] as a model for primordial magnetogenesis [34]. It is characterized by
the lagrangian 2

L = �1
2

(⌅⇤)2 � V (⇤) + I2(⇤)
�
�1

4
F 2 +

�

4
FF̃

⇥
, (1.2)

where � is a constant. 3 Analogously to the well studied � = 0 case [42–49], we show
in this work that, for I(⇤) ⇤ a�2, the interaction between ⇤ and Aµ leaves nearly scale-
invariant signatures on the primordial cosmological correlators. Di�erently to the � = 0
case, however, due to the I2(⇤)FF̃ interaction, one vector helicity state is produced with a
greater abundance that the other one. As mentioned above, this violation of parity can a�ect
the CMB correlators through the gravitational interactions of the vector field.

In addition, a stronger e�ect arises from the direct coupling between the vector field and
the inflaton. We mentioned that the interaction in eq. (1.2) is responsible for (i) maintaining
a nearly constant energy in the vector field during inflation, and (ii) enhancing one helicity of
the vector field with respect to the other one. These e�ects are due to the classical evolution
of I(⇤) and therefore to the vev of the inflaton field. However the same interaction term
(1.2) also couples the vector quanta to the inflaton perturbations. As we will see, in this
model ⇥A/⇥� ⇥ 1 is required. Therefore one can identify the perturbations of the inflaton

1These discussions rely on the assumption that there is no mechanism breaking parity and isotropy at late
times.

2In the proposal of ref. [34], the field � does not need to be the inflaton field.
3The explicit breaking of parity can be avoided if the F 2 and the FF̃ term are proportional to two di�erent

fields (as for instance in supergravity) that have vevs that evolve during inflation maintaining a constant ratio
[34].
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Università degli Studi di Padova, via Marzolo 8, I-35131, Padova, Italy

2INFN, Sezione di Padova, via Marzolo 8, I-35131, Padova, Italy
3Kavli Institute for the Physics and Mathematics of the Universe (Kavli IPMU,

WPI), UTIAS, The University of Tokyo, Chiba, 277-8583, Japan
(Dated: May 2, 2016)

Under the presence of anisotropic sources in the inflationary era, the trispectrum of the curvature
perturbation is sensitive to the angles between each wave vector. We examine imprints of the
curvature trispectrum, whose angular dependence is characterized by the Legendre polynomials, on
the TTµ bispectrum generated by the correlation between the temperature anisotropies (T) and
chemical potential spectral distortions (µ) of the Cosmic Microwave Background (CMB). Owing to
the angular dependence, such TTµ strongly di↵ers in shape from TTµ sourced by the usual g

NL

or
⌧
NL

local trispectra, enabling us to obtain an unbiased estimation. From a Fisher matrix analysis,
we find that, in a cosmic-variance-limited (CVL) survey of TTµ, a minimum detectable value of
the quadrupolar Legendre coe�cient is d

2

⇠ 0.01, which is 4 orders of magnitude better than the
value from the TTTT CMB trispectrum. In the case of an anisotropic inflationary model with a
f(�)F 2 interaction (coupling the inflaton field � with a vector kinetic term F 2), the size of the
curvature trispectrum is related to that of quadrupolar power asymmetry, g⇤. In this case, a CVL
measurement of TTµ makes it possibile to measure g⇤ down to 10�3.

I. INTRODUCTION

Measuring higher-order correlators of the primordial curvature fluctuation could be of significance in understanding
of the very initial condition of our Universe. In the usual single-field slow-roll inflation, induced curvature perturbation
is nearly Gaussian field, and all the statistical information is then confined to the 2-point correlator or the power
spectrum [1, 2]. In contrast, higher-order correlators, such as the bispectrum and the trispectrum, are direct indicators
for non-Gaussianity (NG), and their presence indicates the evidence for, e.g., some other source fields or some nonlinear
interactions. Detailed analyses of their features, such as the spectrum shape and the scale dependence, or tests of the
consistency relations between n-point and (n � 1)-point correlators also help to figure out the true model (see e.g.,
[3–7] and references therein for review).

Such primordial higher-order correlators have been well-investigated with observational data of the cosmic microwave
background (CMB) anisotropies [8–10]. Recent analyses with the Planck data give constraints on primordial NGs
with nearly cosmic-variance-limited (CVL) level accuracy [6, 7, 11]. Higher-order correlators related to large scale
structure (e.g., [12–15]) or 21-cm fluctuations (e.g., [16–21]) are expected as future NG observables.

This paper focuses on the correlators between CMB temperature (T) fluctuations and CMB µ-type spectral dis-
tortions. The µ-distortion is induced by the heat due to the di↵usion of acoustic waves at redshifts from 2 ⇥ 106

to 5⇥ 104, and has quadratic dependence on the primordial curvature perturbation, while the temperature depends
linearly on it. The curvature bispectrum and trispectrum can therefore source Tµ and µµ correlator, respectively [22].
The detectability analyses based on futuristic µ-distortion surveys have been done for several theoretically-motivated
NG templates [22–30], and there are already constraints on usual local NG parameters: f

NL

and ⌧

NL

estimated from
the Planck data of Tµ and µµ [31]. In [32], we recently analyzed TTµ as an observable of the curvature trispectrum
and showed that it is sensitive to not only ⌧

NL

but also another local NG parameter, g
NL

, which is unmeasurable in
µµ.

The di↵erence between µµ and TTµ lies in the number of degrees of freedom: the angular power spectrum of µµ
depends on only one ` mode, while TTµ varies in 3D harmonic space (`

1

, `

2

, `

3

). It is therefore expected that TTµ has
an advantage in the shape discrimination of the primordial trispectrum. We, in this paper, examine TTµ generated
from the curvature trispectrum including angular dependence [33], reading
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where k
12

⌘ k
1

+ k
2

, P (k) denotes the power spectrum of the curvature perturbation, and P
L

(x) is the Legendre
polynomials. This template well parametrize particular angular dependence due to anisotropic sources, such as the
vector field (see e.g. [34–38]). In addition to d

0

, nonzero d

2

appears in the inflationary model where the inflaton field
couples to the vector field via the f(�)F 2 interaction [33, 39–41]. Note that, for the L = 0 case, Eq. (1) is independentØ 	e.g.																						Models	produce	d0	and	d2	
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FIG. 2. Expected 1� errors on d
2

in a noiseless CVL-level mea-
surement of TTµ with Nµ = 0, for several nonzero d

0

. Solid and
dashed lines are obtained using the full-sky TTµ expression (25)
and the SW approximation (31), respectively. The black line de-
scribes �d

2

from the CMB temperature trispectrum (TTTT ),
computed in [33].
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0

or
�d

0

(�c
2

or �d
2

).

B. Detectable g⇤ in the f(�)F 2 model

In the above analysis, we treat d

0

and d

2

as independent parameters. However, once specifying the inflationary
model, these can be related to each other.

For a practical example, here, let us consider an inflationary model where the inflaton field couples to the U(1)
gauge field with the f(�)F 2 interaction. In this model, the directional dependence of the gauge field is directly
imprinted on the correlators of curvature perturbations via such interaction. The time dependence of f(�) controls
the scale dependence of the correlators, and a nearly scale-invariant shape can be realized by choosing f(�) / a

�4,
with a(⌧) denoting the scale factor. Since e↵ects of the gauge field on the curvature perturbation via f(�)F 2 are
always quadratic, a quadrupolar modulation, g⇤(k̂ · Â)2, is generated in the power spectrum [35, 38, 62], and also
nonzero c

2

or d
2

component arises in the bispectrum [37, 39] or the trispectrum [33, 39–41], in addition to c

0

and d

0

.

Ø  	a	minimun	value	d2~0.01	is		
							in	principle	detectable	for	a	CVL	
							exp.	(4-orders	of	magnitude	beier		
							than	CMB	TTTT	can	do)		
	
Ø  	The	signal	from	d2	is	very	low	
							correlated	to	the	standard	local		
							gNL	and	τNL	signals	
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Under the presence of anisotropic sources in the inflationary era, the trispectrum of the curvature
perturbation is sensitive to the angles between each wave vector. We examine imprints of the
curvature trispectrum, whose angular dependence is characterized by the Legendre polynomials, on
the TTµ bispectrum generated by the correlation between the temperature anisotropies (T) and
chemical potential spectral distortions (µ) of the Cosmic Microwave Background (CMB). Owing to
the angular dependence, such TTµ strongly di↵ers in shape from TTµ sourced by the usual g

NL

or
⌧
NL

local trispectra, enabling us to obtain an unbiased estimation. From a Fisher matrix analysis,
we find that, in a cosmic-variance-limited (CVL) survey of TTµ, a minimum detectable value of
the quadrupolar Legendre coe�cient is d

2

⇠ 0.01, which is 4 orders of magnitude better than the
value from the TTTT CMB trispectrum. In the case of an anisotropic inflationary model with a
f(�)F 2 interaction (coupling the inflaton field � with a vector kinetic term F 2), the size of the
curvature trispectrum is related to that of quadrupolar power asymmetry, g⇤. In this case, a CVL
measurement of TTµ makes it possibile to measure g⇤ down to 10�3.

I. INTRODUCTION

Measuring higher-order correlators of the primordial curvature fluctuation could be of significance in understanding
of the very initial condition of our Universe. In the usual single-field slow-roll inflation, induced curvature perturbation
is nearly Gaussian field, and all the statistical information is then confined to the 2-point correlator or the power
spectrum [1, 2]. In contrast, higher-order correlators, such as the bispectrum and the trispectrum, are direct indicators
for non-Gaussianity (NG), and their presence indicates the evidence for, e.g., some other source fields or some nonlinear
interactions. Detailed analyses of their features, such as the spectrum shape and the scale dependence, or tests of the
consistency relations between n-point and (n � 1)-point correlators also help to figure out the true model (see e.g.,
[3–7] and references therein for review).

Such primordial higher-order correlators have been well-investigated with observational data of the cosmic microwave
background (CMB) anisotropies [8–10]. Recent analyses with the Planck data give constraints on primordial NGs
with nearly cosmic-variance-limited (CVL) level accuracy [6, 7, 11]. Higher-order correlators related to large scale
structure (e.g., [12–15]) or 21-cm fluctuations (e.g., [16–21]) are expected as future NG observables.

This paper focuses on the correlators between CMB temperature (T) fluctuations and CMB µ-type spectral dis-
tortions. The µ-distortion is induced by the heat due to the di↵usion of acoustic waves at redshifts from 2 ⇥ 106

to 5⇥ 104, and has quadratic dependence on the primordial curvature perturbation, while the temperature depends
linearly on it. The curvature bispectrum and trispectrum can therefore source Tµ and µµ correlator, respectively [22].
The detectability analyses based on futuristic µ-distortion surveys have been done for several theoretically-motivated
NG templates [22–30], and there are already constraints on usual local NG parameters: f

NL

and ⌧

NL

estimated from
the Planck data of Tµ and µµ [31]. In [32], we recently analyzed TTµ as an observable of the curvature trispectrum
and showed that it is sensitive to not only ⌧

NL

but also another local NG parameter, g
NL

, which is unmeasurable in
µµ.

The di↵erence between µµ and TTµ lies in the number of degrees of freedom: the angular power spectrum of µµ
depends on only one ` mode, while TTµ varies in 3D harmonic space (`

1

, `

2

, `

3

). It is therefore expected that TTµ has
an advantage in the shape discrimination of the primordial trispectrum. We, in this paper, examine TTµ generated
from the curvature trispectrum including angular dependence [33], reading

h⇣k
1

⇣k
2

⇣k
3

⇣k
4

i = (2⇡)3�(3) (k
1

+ k
2

+ k
3

+ k
4

)⇥

d

L

h
P
L

(k̂
1

· k̂
3

) + P
L

(k̂
1

· k̂
12

) + P
L

(k̂
3

· k̂
12

)
i
P (k

1

)P (k
3

)P (k
12

) + (23 perm) , (1)

where k
12

⌘ k
1

+ k
2

, P (k) denotes the power spectrum of the curvature perturbation, and P
L

(x) is the Legendre
polynomials. This template well parametrize particular angular dependence due to anisotropic sources, such as the
vector field (see e.g. [34–38]). In addition to d

0

, nonzero d

2

appears in the inflationary model where the inflaton field
couples to the vector field via the f(�)F 2 interaction [33, 39–41]. Note that, for the L = 0 case, Eq. (1) is independent
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gravitational waves and non-Gaussianity  



Modifying	gravity	during	infla8on	and	non-Gaussianity				

Ø  Example	1:	graviton	non-Gaussiani-es	beyond	ordinary	Einstein		
					considered	in	Madacena	&	Pimentel	(2011);	Soda,	Kodama,	Nozawa	(2011);		
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	however		such	primordial	NG	is	unobservably	small.		
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Weinberg	Phys.	Rev.	D77	(2008):	Lagrangian	with	all	general	covariant	
terms	sup	to	4	deriva>ves			
	
Take	Ψ	to	be	the	inflaton	

EQUILATERAL		
NG	

Modifying	gravity	during	infla8on	and	non-Gaussianity				
Ø  Example	2:	an	effec>ve	field	theory	approach	to	infla>on		



Modifying	gravity	during	infla8on	and	non-Gaussianity				
Ø  Example	3:	an	effec>ve	field	theory	approach	to	infla>on		

fNL		of	order	-1	up	to	-30		
can	be	generated	
(quasi-local	NG).	

N.B.,	Cannone,	Jimenez,	Matarerse,	Verde,	PRL	2014		
	

Inflaton	field	``scalaron’’	field	



WHERE	NG	COMES	FROM?	
Ø 	modifica>ons	of	gravity	à	extra	scalar	degree	of	freedom	associated	to	R2	
					à	its	non-Gaussiani>es	can	be	transferred	to	the	inflaton	field	
				
			a	well	known	mechanism	can	take	place	here	(N.B.,	Matarrese,	Rioio	2002)	:	
			if	both	fields	contribute	to	the	background	then	NG	very	low	(slow-roll	constraints);		
			but	if	one	of	the	two	(e.g.	in	our	case	the	one	associated	to	R2)	is	subdominant	then	
			slow-roll	is	no	longer	requires	and	an	efficient	transfer	of	NG	from	the	isocurvature		
			to	the	adiaba>c	(inflaton)	field	can	take	place	
		
	
	
	



Slow-roll	infla>on	with	Chern-Simons	term	

Slow-roll inflation with the Chern-Simons term

Action of the slow-roll models of inflation with the Chern-Simons term

S =
1

2

Z
d4x

p
g

⇥
M2

plR � gµ⌫D
µ�D⌫�� 2V (�)

⇤
+f (�)✏µ⌫⇢�Cµ⌫

�C⇢��

Cµ⌫⇢�: Weyl tensor, traceless component of the Riemann tensor
✏µ⌫⇢�: Levi-Civita pseudotensor

Features of the Chern-Simons term

zero on the background (C (0)
µ⌫⇢� = 0)

parity breaking

surface term if f (�)= const. (total time derivative term)
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Quadra>c	analysis	of	the	Chern-Simons	term	Quadratic analysis of the Chern-Simons term

quadratic action of the scalar modes does not change

use right (R) and left (L) polarization states of gravitational waves
(GW) �ij

✏Rij =
1p
2
(✏+ij + i✏⇥ij ) ✏Lij =

1p
2
(✏+ij � i✏⇥ij )

Quadratic action for tensor modes with C-S term

S�� =
1

2

X

s=L,R

Z
d⌧

d3k

(2⇡)3
A2
T ,s

h
|�0s(⌧, k)|2 � k2|�s(⌧, k)|2

i

A2
T ,s =

M2
pla

2

2

✓
1� ↵s

k

a

1

MC�S

◆ (
↵R = 1

↵L = �1
MC�S =

M2
pl

8ḟ (�)

R modes with kphy > MC�S becomes ghost fields!

�! necessity to introduce an UV cut-o↵ ⇤ << MC�S
13 / 22

Right	(R)	polariza>on	modes	with	kphys	>	MC-S		(Chern-Simons	mass)	become	ghosts 
è need	to	introduce	a	an	UV-	cut-off	Λ	<	MC-S			

See,	e.g.,	Alexander	&	Mar>n,	2005;	Satoh,	2010;	Dyda,	Flanagan,	Kamionkowksi	2012.		



Le1	and	Right	tensor	power	spectra	
L and R power spectra
�̃s = AT�s �̃s~k = zs(~k , ⌧)âs(~k) + z⇤s (�~k , ⌧)âs

†(�~k)

New equation of motion for the mode function zs

z 00~k,s +

 
k2 � ⌫2T � 1

4

⌧2
+ ↵s

k

⌧

H

MC�S

!
z~k,s = 0

H
MC�S

<< 1
assumptions: MC�S ,H ' constant �! Whittaker equation

L and R power spectra

PL
T =PT ⇥ exp

✓
�⇡

2

H

MC�S

◆

PR
T =PT ⇥ exp

✓
⇡

2

H

MC�S

◆
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Polarized	primordial	gravita>onal	waves	Polarized primordial gravitational waves

Asymmetry in the power spectrum of the primordial gravitational
waves

⇥R�L =
PR
T � PL

T

PR
T + PL

T

=
⇡

2

H

MC�S

⇥R�L quantifies the degree of parity breaking in the power spectrum
of the tensor modes

⇥R�L << 1 for the approximation made in the theory

Modification to consistency relation

rC�S = �8nT
�
1 +⇥2

R�L

�

�! probably di�cult to observe
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CMB	anisotropies:	primordial	symmetry	breakings	and		
resul>ng	CMB	correla>ons	

Specific	signatures:		
																																		
Ø 		TT,	TE,	EE	and	BB	correla>ons	between							and																																				
																																	
Ø 		TB	and	EB	correla>ons	between								and																	

These	signals	cannot	be	realized	if	one	of	parity	and	isotropy	is	preserved	
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Parity Rotation Examples �1 = �2 �1 = �2 ± 1 �1 = �2 ± 2
⇤ ⇤ Standard inflation XX, TE - -
⇥ ⇤ f(⌃)RR̃, f(⌃)FF̃ all - -
⇤ ⇥ f(⌃)F 2 with ⌥  A� XX, TE TB, EB XX, TE
⇥ ⇥ f(⌃)FF̃ with ⌥  A� all all all

Table 1. Correspondence between inflationary symmetry (parity/rotation) breakings and resulting
CMB correlations. “all” means all possible 6 correlations: TT, TE, EE, BB, TB and EB, and XX
denotes 3 auto correlations of them. We also present examples of inflationary actions creating each
symmetry breaking. One can see from this table that, TT, TE, EE and BB (TB and EB) do not
vanish in �1 = �2 ± 1 (�1 = �2 ± 2) only in the case of broken parity and rotational invariance studied
in this work.

The final section 5 contains our summary and discussion.

2 Pseudoscalar inflation with anisotropic gauge field

Let us start from an action involving an interaction between a pseudoscalar field ⌃ and a
U(1) gauge field Aµ [18]:

S =
⇧

d4x
 
�g

⇤
M2

p

2
R� 1

2
⌥µ⌃⌥

µ⌃� V (⌃)� 1
4
Fµ⌅Fµ⌅ �

�

4f
⌃F̃µ⌅Fµ⌅

⌅
, (2.1)

where Mp = 1/
 

8⇤G is the reduced Planck mass, R is the Ricci scalar, Fµ⌅ ⌅ ⌥µA⌅ � ⌥⌅Aµ

is the field strength, and its dual is given by F̃µ⌅ ⌅ 1
2

⇤µ⇤�⇥
⇤
�g

F�⇥ with ⇥0123 ⌅ 1. The coupling
strength between the inflaton ⌃ and the vector field is given by �/f , where f is the inflaton
decay constant and � a dimensionless parameter that is naturally expected to be of order
one. We assume that the potential V (⌃) sustains slow-roll inflation.

The previous studies [18, 19, 21] examined cosmological phenomena induced by the
gauge field, e.g., parity-violating gravitational waves or large equilateral non-Gaussianity of
curvature perturbations, assuming isotropic evolution of the background Universe. On the
other hand, as a new point view of this work, we want to investigate impacts in perturbed
quantities if the gauge field has a nonzero vacuum expectation value (vev). One may be
concerned that, in such case, a nontrivial direction dependence of the gauge field causes an
anisotropic background evolution. However, in analogy with refs. [33, 39, 42], such anisotropy
is rapidly smoothed in the inflationary expansion, if the energy density of the gauge field is
much smaller than the pseudoscalar energy density:

⌅⌃ ⌃ V ⌃ 3M2
p H2 ⇧ 1

2
�
E2 + B2

⇥
. (2.2)

Here, H is the Hubble parameter and we have used the electromagnetic decomposition as
E ⌅ �A⇥/a2 and B ⌅ ⌦⇥A/a2 on the Coulomb gauge, with ⇥ ⌅ ⌥⇧ denoting the derivative
of the conformal time ⇧ . In the following discussion, we follow the condition (2.2), and hence
work on the isotropic background metric: ds2 = a2(⇧)(�d⇧2 + dx2). Therefore, in the limit
in which the vev of the gauge field goes to zero we recover the statistically isotropic results of
[18, 19, 21]. For small but non-vanishing vev we expect that small anisotropic modulations
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Abstract. We use the 2015 Planck likelihood in combination with the Bicep2/Keck likelihood
(BKP and BK14) to constrain the chirality, �, of primordial gravitational waves in a scale-
invariant scenario. In this framework, the parameter � enters theory always coupled to the
tensor-to-scalar ratio, r, e.g. in combination of the form � · r. Thus, the capability to detect
� critically depends on the value of r. We find that with present data set � is de facto

unconstrained. We also provide forecasts for � from future CMB experiments, as COrE+,
exploring several fiducial values of r. We find that the current limit on r is tight enough to
disfavor a neat detection of �. For example in the unlikely case in which r ⇠ 0.1(0.05), then
the maximal chirality case, i.e. � = ±1, could be detected with a significance of ⇠ 2.5(1.5)�
at best. We conclude that the two-point statistics at the basis of CMB likelihood functions
is currently unable to constrain chirality and may only provide weak limits on � in the most
optimistic scenarios. Hence, it is crucial to investigate the use of other observables, e.g.
provided by higher order statistics, to constrain these kind of parity violating theories with
the CMB.
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Figure 1. Triangle plot showing the one-dimensional posterior distribution of the main parameter
impacting the large scale CMB signal (top panel in each column) and their two-dimensional probability
contours at 68% and 95% CL, for the indicated datasets.

still unconstrained, due to the fact that the tensor-to-scalar ratio is highly compatible with
zero.

Finally, the inclusion of small scale data is crucial for constraining the amplitude of
scalar perturbation, dramatically reducing the degeneracy between ln[1010As]and r.

4.2 Forecasts for a COrE+ like mission

We report here our forecasts for a future COrE+ like mission. We first consider a set of fiducial
models with � = 0 and then turn to analyze the same models with � = 1. Apart from the
tensor-to-scalar ratio r, which is set accordingly to Tab.(1), the other cosmological parameters
are always chosen to match the Planck TT,TE,EE+lowTEB bestfit for the ⇤CDM+r model.

– 6 –

Constraints	and	forecasts	for	future	experiments	

Chirality	is	unconstrained	
	
Forecasts:	for	an	experiment		
like	CORE+		if	r=0.1	(0.05)	then		
ΘR-L	=1	can	be	detected	at	best		
with	a	2.5(1.5)	sigma	significance	



Non-Gaussiani-es	from	the	Chern-Simons	term*	

*(N.B.,	G.	Orlando	and	M.	Shiraishi	in	prepara>on)		



Non-Gaussianities from the Chern-Simons term

h⇣(~k1)⇣(~k2)⇣(~k3)iC�S = 0 �! scalar perturbations are parity invariant

Idea: computation of the bispectrum h�r1(~k1)�r2(~k2)⇣(~k3)iC�S

an interaction term between 2 GW and 1 scalar arising from the
Chern-Simons term:

S'�� =

Z
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�� comes from the Taylor expansion of the function f (�)

in the slow-roll limit it is the dominant interaction term

�! We can compute this interaction term computing the Weyl tensor
only up to first order in tensor perturbations
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à We	can	compute	the	interac>on	term	compu>ng	the	Weyl	tensor		
					only	up	to	first-order	in	tensor	perturba>ons	



Computa>on	of	the	bispectrum	
Computation
Computation of the bispectrum h�s1(~k1)�s2(~k2)��(~k3)i:
In-In formalism

h�s1(~k1)�s2(~k2)��(~k3)i = i

Z 0

�1
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At leading order in slow-roll parameters:
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Power spectra of the perturbations

Power spectrum of the perturbations
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spectral indices:
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Tensor-to-scalar-ratio of the primordial perturbations

r = PT
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= 16✏V

Consistency relation

r = �8nT
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From the angular dependence of (4.105), we see that it is maximum when cos ✓ = �1. This
corresponds essentialy to the ”squeezed” limit, which is the limit in which the momenta of the
gravitational waves k1, k2 are much greater of the momentum k3 of the inflaton perturbation. Infact
in this configuration the triangle of the momenta ki’s appears very squeezed.

Now we pass to gauge invariant variables in order to make predictions about the strengh of these
correlators in confront of the one predicted by the standard slow-roll model (3.89). Because of the
fact that in slow-roll limit and on superhorizon scales the relation between the inflaton ' and the
gauge invariant curvature perturbation ⇣ is linear, ⇣ = �H

�̇
', we have approximately:

h�̂R(~k1)�̂R(~k2)⇣̂(~k3)iC�S ⇠ �H⇤

�̇⇤
h�̂R(~k1)�̂R(~k2)'̂(~k3)i =

= (2⇡)3�3(~k1 + ~k2 + ~k3)

0
BBBBBB@
Y

i=1,2,3

H2
⇤

M2
Pl2k3

i

1
CCCCCCA

 
M2

Pl
@2

@2�
f (�)

!⇤
⇥

⇥ 2(k1 + k2)k1k2 cos ✓(1 � cos ✓)2 .

(4.107)

h�̂L(~k1)�̂L(~k2)⇣̂(~k3)iC�S = �h�̂R(~k1)�̂R(~k2)⇣̂(~k3)iC�S . (4.108)

A physical quantity in which are encoded the parity violating e↵ects in the vertex ��⇣ can be the
normalized relative di↵erence between the correlators (4.107) and (4.108). In evaluating this di↵er-
ence we have to take into account also the contribution of the standard slow-roll model computed
by Maldacena in [8], which we have seen that is of the order (3.89):
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where the F(ki) is a particular shape of the momentum of the momenta ki which it is tipically
of order O(1) due to momentum conservation. We see that (4.109) is equal for both L and R
polarizations.
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Shape	of	the		bispectrum	

The	bispectrum	peaks	for	squeezed	configura>on	when	k3	<<	k1~	k2	
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A	preliminary	es>mate	of	BR-L	Theoretical constraint on BR�L
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Issues	under	inves>ga>on	

Ø CMB		es>mators	targeted	to	measure	these	parity-viola>ng	effects		
					in	the	tensor	sector		
					(e.g.	measuring	the	parity	viola>on	amplitude	in	the	<ζγγ>	correlator)	
	
	
Ø  	What	are	the	effects	for	GW	interferometers?			

Ø  How	to	measure	these	effects	at	interferometers?		



Conclusions	

•  CMB	polariza>on	can	improve	constraints	on	
primordial	NG.		

•  However	to	make	a	real	breakthrough	new	
observa>onal	tests	must	be	pursed	

•  CMB	spectral	distor>ons	can	be	one	of	these.		
•  In	par>cular	TTμ	can	offer	an	unbiased	es>mator	for	
the	primordial	4-point	func>ons	

•  	As	an	example	of	new	signatures	to	be	inves>gated:		
					parity	viola>on	and	NG	in	the	primordial	gravita>onal			
					waves	


