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Why extending General Relativity?

Several 1ssues 1 modern Astrophysics ask for new paradigms.
No final evidence for Dark Energy and Dark Matter at fundamental
level (LHC, astroparticle physics, ground based experiments, LUX...).
Such problems could be framed extending GR at infrared scales.
GR does not work at ultraviolet scales (no Quantum Gravity ).
E'T'Gs as mimimal extension of GR considering Quantum Fields in
Curved Spaces
Big 1ssue: Is 1t possible to find out probes and test-beds for ETGs?
Further modes of gravitational waves!
Constraints at Newtonian and post-Newtonian level could come from:
- Geodesic motions around compact objects e.g- SerA ™
- Lense-Thirnng effect
- Exact torsion-balance experiments
- Microgravity experiments from atomic physics
- Violation of Equivalence Principle (effective masses related to
further gravitatonal degrees of freedom)

Main role of GPB and LARES satellites



The general case: Scalar-tensor-higher-order gravity

Action

o= / d*x\/=g|f (R, RyyRY . $) + () .ap* + XLy,

Field Equations frRu — f+ w(«;ﬁ)fﬁ;aqﬁ"’ 9 = [row + 90fr

+ 2fYR”aRay - 2[fyRa(”];D)a -+ D[fyR;w]
+ [fYRaﬂ];aﬂg;w + w(¢)¢,y¢,u = XT;w’

The trace of the field equation

fRR +2fyRopR? —2f + O[3f g + fyR] + 2[fyR?] o5
— o(p)p..p* = XT, «

the Klein-Gordon equation

20($)0¢ + wy(P) o™ — f4 = 0,



An example: Non-Commutative Spectral Geometry

For almost-commutative manifolds, the geometry is described by the tensor
product MX F of a 4D compact Riemannian manifold M and a

discrete non-commutative space F, with M describing the geometry of
spacetime and F the internal space of the particle physics model.

The non-commutative nature of F is encoded in the spectral triple (A, ,H, ,D,)

The algebra A, =C>~(M) of smooth functions on M, playing the role of the
algebra of coordinates, is an involution of operators on the finite-dimensional
Hilbert space Hy of Euclidean fermaions.

The operator Dy s the Dirac operator

Im = V=1y'V,,
on the spin manifold M; it corresponds to the inverse of the Euclidean

propagator of fermions and is given by the Yukawa coupling matrix and the
Kobayashi-Maskawa mixing parameters.

The algebra Ay has to be chosen so that it can lead to the Standard Model of

particle physics, while it must also fulfill non-commutative geometry
requirements.



The case of Non-Commutative Spectral Geometry

It is chosen to be

Ar = M,(H) & M(C)

with k=2a; H 1s the algebra of quaternions, which encodes the non-commutativity of the
manifold.

The first possible value for k is 2, corresponding to the Hilbert space of four fermions; it is
ruled out from the existence of quarks.

The minimum possible value for k is 4 leading to the correct number of k? =16 fermions in
each of the three generations.

Higher values of k can lead to particle physics models beyond the Standard Model

The spectral geometry in the product MX F is given by the product rules: A=C®(M)® A,

where LI?(M, S) is the Hilbert space of L? spinors and D, is N H=L*M,S) ® Hyp,
the Dirac operator of the Levi-Civita spin connection on M D=D, ®1+ys® Dy

Applying the spectral action principle to the product
geometry MXF leads to the NCSG action

Tr(f(D4/A)) + (1/2)(Jy, Dy)

split into the bare bosonic action and the fermionic one. Note that D, =D+A +€’JA] ™! are
unimodular inner fluctuations, fis a cutoff function, /| fixes the energy scale, J is the real
structure on the spectral triple and ¥ is a spinor in the Hilbert space H of the quarks and -
leptons.



The case of Non-Commutative Spectral Geometry

Considering the bosonic part of the action, seen as the bare action at the mass scale /|
which includes the eigenvalues of the Dirac operator that are smaller than the cutoff
scale /\, considered as the grand unification scale.

Using heat kernel methods, the trace Tr(fD, /) can be written in terms of the
geometrical Seeley—de Witt coefficients known for any second-order elliptic differential
operator, as 2 °,_,F,  /N*"a_ where the function F is defined such that

KD )=f(D,).
Considering the Riemannian geometry to be four dimensional, the asymptotic
expansion of the trace reads

Tr(f(D_A/A)) ~ 2A4f4a() + 2A2f2a2 +f()a4 “+ .-
+ A f g iop + - - -,

where [, are the momenta of the smooth even fo =

test (cutoff) function which decays fast at

mnfinity, and only enters in the multiplicative  f, — / f(u)udu,
factors:

-y f4:A f(u)udu,

©_ 0 0)

Jfox = (—l)km



The case of Non-Commutative Spectral Geometry

Stnce the Taylor expansion of the f function vanishes at zero, the asymptotic expansion

of the spectral action reduces to

Tr(f(Da/A)) ~2A% faag + 20 frar + foay

Hence, the cutoff function f plays a role only through its momenta. f,, f, , f, are three real
parameters, related to the coupling constants at unification, the gravitational constant,

and the cosmological constant, respectively

The NCSG model lives by construction at the grand unification scale, hence providing a

framework to study early Universe cosmology

The gravitational part of the asymptotic expression for the bosonic sector of the
NCSG action, including the coupling between the Higgs field ¢ and the Ricci curvature
scalar R, in Lorentzian signature, obtained through a Wick rotation in timaginary time,

reads

Slgrav - / d4x \/_‘[ + A C(l/f/()Ca/}/()
+ 70R*R* — 5()R|H|2} ;
H = (\/ afo/”)‘l')

with a a parameter related to fermion and lepton masses and lepton mixing

At unification scale (set up by ), @ ,= =3f,/(10M?), &,=1/12.



The case of non-commutative spectral geometry

The square of the Weyl tensor can be expressed in terms of R? and R, ;R%”
as

2
Ca/3y5 Ca/3y5 —] Ra/i Raﬂ _ g R2

The above action 1s clearly a particular case of the above action

describing a general model of ETG

As we will show, it may lead to effects observable at local scales (in
particular at Solar System scales); hence it may be tested against

current gravitational data by GPB and LARES.

IN OTHER WORDS, WE CAN USE GPBAND LARES TO TEST
FUNDAMENTAL PHYSICS!!!
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The weak field limit

G

Jeni Lee: 21 Tuesday II Bright Circle, 2014
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The weak field limat

The typical values of the Newtonian gravitational potential @ are larger (in modulus) than
1073 in the Solar System (in geometrized units, @ is dimensionless).

Planetary velocities satisfy the condition v’ < — @, while the matter pressure P experienced
inside the Sun and the planets is generally smaller than the matter gravitational energy

density — 0 @; in other words Pl 0 <—@

As matter of fact, one can consider that these quantities, as a function of the velocity,
gtve second-order contributions as — @ ~v? ~ 0(2)

Then we can set, as a perturbation scheme of the metric tensor, the following
expression

, . 3 i

14920+ 6P +... &PUx)+... 1126425 24,

I ™ (3) ) - 5 5
g!i (t‘x)+“' _()’J-}_glj (I.X)+. ij

$~d Y+ + ... =¢ + g,

@, ¥, @ are proportional to the power c~? (Newtonian limit) while A, is proportional to c¢™3

and = to c™* (post-Newtonian limit)



The weak field limat

The function f, up to the c* order, can be developed as

(0)
F(R.RzR?.¢) = f£(0.0,4O)R +fRR(O’2O’ ¢(O))Rz+f¢¢(0,20,¢ )

+ frp(0,0,V)Rp + fy(0,0,p V)RR,

(¢ -9y

while all other possible contributions in f are negligible

The field equations hence read

0.0,
+fY( > ¢ ):| AR _fR¢(O,O,¢(O))A(p = XT",

fR(O’ 0, ¢(0)) -Rn - §:| - fY(O’ O,¢(O))AR" - [fRR(O, O’ ¢(O))

i (0)
£2(0,0,49) R,-,-+§5.-,-] — £4(0,0,40)AR, + [fRR(0,0,¢<°>)+f 0.9.9 )} 5,0k ~ Fra(0.0.pO)R

= 2£4(0.0,6O)R% |~ frs(0.0.69) (0% - 5,;A)p = XT;.

fr(0,0,)R,; — fy(0,0,6)AR,; — frr(0,0, V)R ;i = 2fy (0,0, p V)R jy0 = fr4(0,0,) g
= XT,;, fr(0,0,0©)R + [3frr(0,0, ) +2£y(0,0, ) AR + 3f;(0,0, ) Ap = —XT,

20(¢©) Ag + £44(0,0,9)p + fry(0,0,6 V)R = 0,

where A is the Laplace operator in the flat space
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The weak field limat

The geometric quantities R , , and R are evaluated at the first order with respect to the
metric potentials @, ¥ and A, By introducing the effective masses

e = — f#(0,0,¢) _ » . fr(0,0, ¢(O_>)’ o2 = _f40(0.0. (15(0))
3frr(0,0,4') +2£y(0,0,¢') fr(0,0,¢) ’ 20 (")

]

and setting f(0, 0, ¢))=1, w(p®)= 1/12 for simplicity, we get the complete set of differential

(A - mYz)Rn + [ D)

] R+ my’fz4(0,0,47) Ag
6mR

2

MpZ — My> m mpZ + 2my>
= —my*XT,, (A —my*)R;; + [%agj - 5,']'( 2Y — 2 L A)] R+ my®fr4(0,0, ¢(0>)(a,2j —0; )
R R

mR2 -
3mpg?
= —my*XTy;, (A —mg?)R = 3mg?fr4(0,0,0) Ap = mp? XT, (A — my?)p + fry(0,0, )R = 0.

2

= —my*XT;j, (A —my*)R,; + “R,; +my 2frp(0,0,6)g

The components of the Ricci tensor in the weak-field limit

R, = Agﬁ,z) = AP,

1 @ _ 1o 1o 1o 1@
Rl] Eglj mm Egtm mj Egjm,mi _Eg"'ij +§gmm,ij - A‘I}(Sij + (\I’ - (I’),ij'

1 (3 1 o 1 @3 1 (2
R’i zggl mm 2glm"1! 297n1m1+29mm II AA +\II”
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The weak field limat

Expansion of the energy momentum tensor T, ,

The pressure is negligible in the weak field imit, it reads T ,, = Ou u, withu,u’ =1

Starting at the zeroth order, itis T,=T" = p, T, =TV . =0and T, =T ;= pv, where p
is the density mass and v, is the velocity of the source

T

1 v 18 independent of metric potentials and satisfies the Bianchi identities

T#” ,=0

Equations read

2 2 2
my~  mgp"~ + 2my” A
- 2

R+ my?fry(0,0,9'7) Ap = —my* Xp,
2 6)71R"

(A —my?)AD + [

2 2 2 2
(A = my?) A — |2 TR T I AN Ry £20(0.0,60) Agp b5
2 6mR

Jij

m z—ln 2
- {(A —my?) (U — ®) + #R + 'nysz¢(O~0v¢(0))(/’} =0,
R

mp? — my? -
{(A — my?)AA; + my? Xpv;} + { (A — my*) ¥ + %R + my® fry(0,0, (/’(O))(l’} =0,
R i

(A =mp?)R —3mg?fr4(0,0, PO Ap = mp*Xp,

(A=mg2)p + frp(0.0,49)R =0.
15



Solutions for fields @, @ and R

The above equations are a coupled system and, for a pointlike source 0 (x) = M 0 (x),
admait the solutions

5 ry e—le.-cR|x| _ 6,—'71Ri‘;¢5|"|
P(X) =1/3 2 _ 2 '

3 x| ks — k 5
- ry (Z% _ ’]2)e—mRI~cR|x| _ (Zé _ ’]2)e—mRI:'¢|x|
R(X) = —mp ==
|X| kR - k¢
where T, is the Schwarzschild radius
=&t/ (1=E+12 )2 —4 - ) and p=1_1%
kR.(/) __ 1=¢c+n \/(2 &+n”) ’721 and §=3[y(0.0,¢"™)" an n g
& and 7] satisfy the condition (n— 1)?—&>0

The solution of the gravitational
potential @ reads

d(x) =

3o/ B3 ,—my|X =X 2 2
1 [ &X' EX" e XX Tamy? — my, ,
Xp(x")

1622 ] |x—=x'| |x —x"| 6
2 2
my~ —mg-(1 = ¢) I mR’7 1
R _ /2 x" ’

+



Solutions for fields @, @ and R

for a pointlike source, 1t is

GM -
(I)(X) — _W [1 + g(g ;7) —mpkg|X]|

1 - 4
+ [g _ g(f. ’7)] e—”TRk¢|X| _ ge—my|x|

where

1—172+§+\/'74 — 12 =22(E+ 1)
6/n* + — 22 (E+ 1)

9(&.n) =

Forfy, = 01.e. my — ©, we obtain the same outcome for the gravitational

potential of f(R, ¢)-theory

17



Solutions for fields ¥ and A,

Solution for A,

b - I _ !
my‘“X my|x" —x"|

Ai(x) = /CI3X’CI3X” x

€ "

,,|p(X”)U,~

1622 . —x'||x" — x

In Fourier space, solution presents the massless pole of GR and a massive one induced by
the R*AR , , term

The solution is the sum of GR contributions and massive modes

X p(xX' )t X e my[x=x'|
Ax)=—— | X | B ———p(X ),
(%) dr. |X—x’]+4zz_ ‘ x —x/| pX)
For a spherically symmetric system (| x| = r) at rest and rotating with angular frequency

Q(r), the energy momentum tensor T,; is

T,= /)(X)Ui = T,,(r)[Q(r) X X]i
N 3IM
C 4nR3

O(R —r)[Q(r) x X];,

where R is the radius of the body and O is the Heaviside function

18



Solutions for fields Y and A,

—mr
— there is a geometric factor multiplying the Yukawa term,

In fact for any term X &

namely
F(mR) = 3 mR coshmR—sinh mR
m>R>
We get
GM | - : 1 - - 4F(myR
Pran (X) = X[ I+ g(&n)F (mgkgR)e mekelx| 4 [5— 9(&, 'I)} F(mpkyR)em=kol —%e"m”’"}
GM | - : 1 . - 2F(myR
Whan (X) = —|—| 1 — g(& n)F(mgpkgR)e~mrkrlx| _ {5— g(&, r;)] F(lisz¢R)e_"'Rk¢|x| —%e‘"’”’"}
X

For Qr)=Q,, the metric potential is

3MG [ x|
A(x) = Qox/d3x’ c O(R—r)x"

27R3 Ix —x/|
. h ) ) e—my|X—x'| e—)ﬂyl‘ + e—myr(l _|_ myr) COS ,.l + O ,J2
mn the approximation ~ - —_
PP x — x| r r r r

& is the angle between the vectors x, x°, with x = r x where "x =(sin & cos ¢;, sin 8 sin @,

cos 0) and, at the first order of v’Ir, we can evaluate the integration
in the vacuum (r > R) as

e~ My [x—x'| 4r (1 + myr)e ™ ™R
Px'S @R - )X = |
,/( X Ix — x| ( r)x 15 r3 X

19



Solutions for fields Y and A,

The field A outside the sphere is
G

x|

A(x) (1= (1 4+ my|x|)e X% x J

where | =2MR?Q) /5 is the angular momentum of the ball

The modification with respect to GR has the same feature as the one
generated by the pointlike source

From the definition of mp and my, the presence of a Ricci scalar function [fgy.(0) #
0] appears only in my

Considering f(R)-gravity (my — «), the above solution is unaffected
by the modification in the Hilbert-Einstein action.

20



The body motion in the weak gravitational field

Jeni Lee: Spring Festival 11, Jeni Lee, 2013
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The body motion in the weak gravitational field

d? x* dx® dxP
>+ Fg/f__ -
ds ds ds

Let us consider the geodesic equations

0

Where ¢ — \/g(lﬁdx(ldx/f

In terms of the potentials generated by the ball source with radius R, the components of the
metric g , , read

2GM N " N ;
G =142Ppy(x) =1 T [1 +g(&,n)F(mgkgR)e~m=kelXl 4 [1/3 — g(&,n)|F (mgkyR)e~mrkslx| —

2G .
gri = 2A;(x) =W[1 — (14 my|x|)e~mX]g x J,

4F("lyR)
3

e_mlel

26GM i : i .,
9ij = —0;j + 2Wpqy(X)0;; = —6;; T [1 —g(&.n)F(mgkgR)e~m=kelxl —[1/3 — g(&,n)| F(mgkyR)e~mkol

_Me—mnxl] 5.
L]

and the non-vanishing Christoffel symbols read

o  0.A. — DA, | | | |
I = 't = 0iPyan, ry; =— > . Iy = 610 Whan — 6;jO0x Wpan — 6ix 0 Wpan.
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Circular rotation curves in a spherically symmetric field

In the Newtonian limit, neglecting the rotating component of the source, leads to the

equation of motion

d’x

F = =V (x)

Our aim is to evaluate the corrections to the classical motion in the easiest
sttuation, namely the circular motion, in which case we do not consider radial and vertical

motions.

The condition of stationary motion on the circular orbit reads

23



Circular rotation curves in a spherically symmetric field

Let us consider the phenomenological potential

sp(r) = — X [1 + ae™']

With @ and mgfree parameters. Sanders tried to fit galactic rotation curves of spiral

galaxies in the absence of dark matter, within the modified Newtonian dynamics
(MOND) proposal by Milgrom.

The parameters selected by Sanders were @& =—0.92 and 1/mg =40 Kpc

This potential can be used also for fitting elliptical galaxies (SC et al. Ap]J (2012))

In both cases, assuming a negative value for @, an almost constant profile for rotation
curve is recovered (SC and De Laurentis, Annalen Phys. 2012).

24



Circular rotation curves in a spherically symmetric field

Setting the gravitational constant equal to

20(¢) ' —4 G,
20(p9)p0) =3 $(0)

GO:

where G, is the gravitational constant as measured at infinity, and imposing

al =3 =20(¢9)p%

the potential becomes

(I)(I’) — _GooM{l + ae—\/l—?)am(/,r}

r

and then the Sanders potential can be recovered.

In Fig. below we show the radial behavior of the circular velocity induced by the presence
of a ball source in the case of the Sanders potential and of potentials shown in next Table.

25



TABLE 1. Table of fourth-order gravity models analyzed in the Newtonian limit for gravitational potentials generated by a pointike
source Eq. (17). The range of validity of cases C, D is (7 —1)> — & > 0. We set fz(0,0,¢9) = 1.

Case Theory Gravitational potential Free parameters
A f(R) — S +5emek] mg* = — 571
B f(R. RgR?) — L1+ gemmakl — g emmrlx]] mp? = — gyt
my~ = Tm : -
C f(R, @)+ &(d)d.. 0" FH1+g(E.n)e ~makalx| mg* = —m
+1/3 - g(& n)]e ks 2 _ _fu04°)
[ ] ] my" = —=ST
_ 3as(0.49F
- -w(¢ )
]I —

_ 1P i o HE- 12278 +1)
9(&.m) 6y/n HE—1)" -2 (¢+1)

2, Y e Dt
2

D f(R.RapR?. ) + () Pa” — R+ g(€.n)emetal] MR = — A )iwo o)

+[1/3 g(&, m)]e eIl — 4 g=mriel] ty? =

7004
2 f45(00.4°)
My =~ 2ug™)
£ — Hagl004P)?
= T 2u(g)
)I —— 2‘

_ 1o HE- 1227 (841
g(&.) 6y/n +{E—1) -2 (¢+1)

E; l-¢*rr"\/(l-¢°rr) A

a Wad
ymm
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The circular velocity of a ball source of mass M and radius R, with the
potentials of Table I. We indicate case A by a green line, case B by a yellow line,
case D by a red line, case C by a blue line, and the GR case by a magenta

line. The black lines correspond to the Sanders model for —0.95< @ <-0.92.

The values of free parameters are W(p©).. . —1/2,

= ==5, =3, my=15*mp m=1.5 *mpy, mp=.1% R,
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Rotating sources and orbital parameters

Geodesic equations
2 0 '
X . dx/
1 1
o+ T+ 20 === 0.
in the coordinate system J = (0, 0, ]) reads

GM GMA(r)  2GJ . .
X+ —x= -T() +—- {C(r) [(xz +y* - 2:2).\’ + 3)’:Z] + 2Z(r)Lx2}

GM GMA(F)  2GJ
4+ M, _ #\, _26J {g(r) sz +y? o 2:2)5( + 3,»(:5] _ 2Z(r)Ly:}.

r r i r
GM GMA(r 6GJ 2
it —5z=- T()c‘Fr—S{C(T)“FgZ(r)}LS

where

A(r) = g(é, n)F(171R/~<RR)(1 4+ mR/;Rr)e_"’R’:'R’
+ [1/3 = g(¢, ﬂ)]F(lez,/,R)(l + ’71R/~<(/,r)e""R’:'¢"
4F (myR)
3
C(f') =1- [1 + myr + (’nyr>2]e—myr’

(r) = (myr)?e ™",

(1 4+ myr)e™™",

with L,,L, and L, the components of the angular momentum

28



Rotating sources and orbital parameters

The first terms in the right-hand side of the above equation, depending on the
three parameters my, my and m , represent the Extended Gravity
contribution to the Newtonian acceleration.

The second terms in these equations, depending on the angular momentum J
and the EG parameters mg, my and m , correspond to DRAGGING

CONTRIBUTIONS

The case mpz — ©, my — © and m, — 0 leads to /\(r) =0, ()= 1and 2 (r) =0,
and hence one recovers the famailiar results of GR

These additional gravitational terms can be considered as perturbations of
Newtonian gravity, and their effects on planetary motions can be calculated
within the usual perturbation schemes assuming the Gauss equations

29



Rotating sources and orbital parameters

Let us consider the right-hand side of the above equations as the components (A,, A, A,)
of the perturbing acceleration in the system (X, Y, Z) (see next Fig.), with X the axis passing
through the vernal equinox ), Y the transversal axis, and Z the orthogonal axis parallel to
the angular momentum J of the central body

In the system (S,T,W), the three components can be expressed as (A, , A, , A, ), with S the
radial axis, T the transversal axis, and W the orthogonal one

We will adopt the standard notation:

* a1s the semimajor axis;

e is the eccentricity

p=a(l — &°) is the semilatus rectum;

* 11s the inclination;

* Qs the longitude of the ascending node N;

* W~ is the longitude of the pericenter [I;

o M is the longitude of the satellite at time t = 0;

* Vs the true anomaly;

*  uis the argument of the latitude given by u = v + w~ — Q;
*  nis the mean daily motion equal to n=(GMla’)"?;

* and C1s twice the velocity, namely ¢ — rPua(1 — e2)'/?

30



N P Satcllite

=g IT Pericenter
N

v<

t = <YNIT is the inclination; Q = <{XON is the longitude of the ascending node
N; w~ = broken<{XO I is the longitude of the pericenter [I; ¥ = < [[OP is
the true anomaly; u = <QOP = v + w~ — Q is the argument of the latitude; |
1s the angular momentum of rotation of the central body; and J,..;... is the
angular momentum of revolution of a satellite around the central body.
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Rotating sources and orbital parameters

The transformation rules between the coordinates x = r(cos ucos Q — sinu sin Q cos i),
rames (X, Y, Z) and (S, T, r | . . :
frames (X, Y, 7) and (S, T,W) are y = r(cos usinQ + sinucos Qcos i),

Z=rsinusini

P
1+ ecosv’

r

and the components of the angular momentum obey the [ = y;—zy = CsinisinQ,

equations . . .
1 L, =zx—xz=—CcosQsini,

4

L.=xy—yx=Ccosi.

<

GMA(r) 2GJCcosi

The components of the perturbing acceleration in the A, = (),
(S, T,W) system read 2GJCecosisiny
A =-— 3 é’(r).
—— pr
A = 2GJCsini [(re sin vcos u 4 2sin u> ‘)
rt p

+ 25inuZ(r)].

The A, component has two contributions: one from the modified Newtonian potential
@, u(x), another from the gravito-magnetic field
A, 1s a higher order term.

The components A, and A, depend only on the gravito-magnetic field
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Rotating sources and orbital parameters

The Gauss equations for the variations of the six orbital parameters, resulting from the
perturbing acceleration with components A, , A, A, are

da 2eGMA(r)sinv
— = dgg — = v
dt nvV1—eC
de . . V1 —e’GMA(r)sinv , . or "
77~ ¢or T €EG = aC U+ eégr[l — ™" (1 + myr + (myr)?)],
aQ . . : o ,
I Qcr + Qpg = Qr{l — ™[l + myr + (1 + f(v, u, €))(myr)°]},
di . . .
77~ lor tipG = igr{1 — €™ [1 +myr + (1 + f(v, u, €))(myr)*]},
do - . V1 —e’GMA(r)cosv . - i-
— = WGr + WG = — (r) U+ e[l — e™7 (1 + myr + (myr)?)] — 2sin®> =Qgr f (v, u, €)Z(r),
dt naeC 2
dm® . . GMA(r) [2r  eV1—¢? :
—_—=M° Mg = ———— | — + ——=cosv| U+ MO [1 — e (1 4+ myr + (myr)?
dt Gr T EG naC a+l+m + GR[ ( +my +( Y))]
i o
— 2sin EQGRf(U- u,e)x(r), o = ZGJC;)ZI siny
- 2GJ si
where QGr =%[esinucosu +2(1 + ecosv)sinu|z,
. 2GJcosusini . . :
IGrR = C [esinvcosu + 2(1 + ecosv)sinuli,
P
. . . . = 2GJcosi 1 2 . ) [ -
Corresponding equations of the six orbital DGR = —% (2+ —;e cosu>u+ 251n2%£2GR.
parameters for ETGs, with the dynamics of a; e; ) S
0 . *0 4GJcosi . e -
w~ ; L' depending on terms related to the MOGr = ——————(1+ ecosv)b + —————=ar
. . . . na-p 14+vV1—e
modifications of Newtonian potential. i
Dynamics of Q and i depend on the dragging +2v1 _eZSiDZESZGRv
terms. s
fw.u,e) = 1 +ecosv 0)

l+e(5inb§0["+COSl/) i 33



Rotating sources and orbital parameters

Considering an almost circular orbit (e <
1), we integrate the Gauss equations with
respect to the only anomaly v, from 0 to
Y (t) = nt, since all other parameters have
a slower evolution than V, hence they can
be considered as constraints with respect

to V' gy first order we get Y

where

[\(P) = g(¢&, 'I)F(le:'RR) (mRI'Rp)Zg—mRi'np
+[1/3-g(¢, 'I)]F(mR/:",,R) (tszl~c¢p)3e—"'RZ’¢P

_4F(myR)
3

(myp)Ze=™mrP. (

AQ(1) =

Aa(r) =0,
Ae(r) =0,

GJe‘Slnle_m”,(’nyp)z [l +M(;nyp —4)

na’ 2

x sin(@(1) —Q(1))v(r) + O(e?),
2GJ

na3

+ O(e?),

[1—e™P(1 +myp+2(myp)?)]v(z)

na’

Aa(r) = {A(zp) _267 [Bcosi—1

3 >
+ e YP (1 +myp +§(myp)~
—(34+3myp+3(myp)?
1 2
+E(myp)3) cosi)] }u(l) + O(e”),

2GJ

AM (1) = {2A(p) ———=[3cosi—1

na
—e P (1 +myp +2(myp)*)(cosi—1)] }V(t)

+ O(e?),

We hence notice that the contributions to the semimajor axis a and eccentricity e vanish, as in
GR, while there are nonzero contributions to i, Q, W~ and M°. In particular, the contributions
to the inclination 1 and the longitude of the ascending node Q depend only on the drag effects of
the rotating central body, while the contributions to the pericenter longitude W~ and mean
longitude at M? depend also on the modified Newtonian potential



Rotating sources and orbital parameters

In the considered ETG models, the inclination ¢ has a nonzero
contribution, in contrast to the results in GR, and also

Aw@t)# AM®), given by

~

A(p)—4A(p) 2GJ _,  [(myp)’
+—Fe
2 na 2

Ad(t) = AMO(1) = {

+ (2 +2myp + (myp)?

+ (”'ré’)}) cos i‘ }u(t) +0O(e?).

In the limit mgp — ©; my = © and m_, — 0, we obtain results of GR.

@
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Experimental constrains

Jeni Lee: Flight of Fancy V, 2012
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Experimental constrains

The orbiting gyroscope precession can be split into a part generated by the metric
potentials, @ and ¥, and one generated by the vector potential A

The equation of motion for the gyrospin three-vector S is d_S _ @ + d_S
dt dt|g dt| g

where the geodesic and Lense-Thirring precessions are

dS V(® 42U

EG:QGXS with Qg = ( _; )xv

dS V x A

—| =Qr xS with Q=

dt - LT LT D

The geodesic precession, Q) can be written as the sum of two terms, one obtained with GR
and the other being the extended gravity contribution

Then we have Q= QE}GR) 4 QE}EG)

where Q(GR) - IGM
© 2[x[

X XV,

~ ~ - 8
Q(GEG) = — [g(f. n)(mgkgr + 1)F(mgkgR)e mrker 4 ;(I”yl’ + 1)F(myR)e ™"

| - N N (GR)
+ [3—9(3’7)] (mgkyr + 1)F(mgkyR)e™™rks" GT
Where |x3|=r



Experimental constrains

Stmilarly one has GR EG
> Q=% + o
with Q| :—2G%J and  QFY) — _emmr(1 4 myr + my2r2) QSR
e

where we have assumed that, on the average, <(] - x).x; > .

The Gravity Probe B (GPB) satellite contains a set of four gyroscopes and has
tested two predictions of GR: the geodetic effect and frame-dragging (Lense-
Thirring effect)

The changes in the direction of spin gyroscopes, contained in the satellite
orbiting at h = 650 km of altitude and crossing directly over the poles, have
been measured with extreme precision

The geodesic precession and the Lense-Thirring precession, measured by
the Gravity Probe B satellite and those predicted by GR, are

Measured Predicted
Effect (mas/y) (masl/y)
Geodesic precession 6602 + 18 6606
Lense-Thimring 37.24+7.2 39.2

precession -




Experimental constrains

Imposing |QE9 | < 0Qsand |QFY . | < 0Q;p withr'™= R, + h where
R is the radius of the Earth and h = 650 km 1is the altitude of the satellite,
we get

g(&, 1) (mpkgr® + l)F(anI}RR@)e-mRK'Rr' +[1/3 —g(f-ﬂ)](’"k;d,r’” + 1)F(,71Rk¢Re)e-mR1}¢r-
_+_

8 * —myr"
g(myr‘+l)F(myR@)e < R ~ 0.008.

* 2 %2\ ,—myr*
(1 +myr* + my“r*=)e ™" <

From the experiments, we have |QCR . |= 6606 mas
and 0 |Q.|=18 mas, |QCR . |=37.2mas and 0 |Q;;| = 7.2 mas

We obtain that my27.3 X1077m™!
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Experimental constrains

The Laser Relativity Satellite (LARES) mission of the Italian Space Agency is
designed to test the frame dragging and the Lense-Thirring effect, to within 1%

of the value predicted in the framework of GR

The body of this satellite has a diameter of about 36.4 cm and weights

about 400 kg

It was inserted in an orbit with
1450 km of perigee, an inclination
of 69.5 X 1 degrees and eccentricity
9.54 x 107*

It allows to obtain a stronger
constraint
for my:

_dlou

S g, = 00!

¥ 7 w9 — -k
(1 + myr* + my?r<?)e-mv!

From which we obtain my 2 1.2 X107m™! 40



Experimental constrains

In the specific case of the Non-Commutative Spectral Geometry, the above

quantities become for myp — <, _— \/Sﬂz(k(z)H(O)_())
Y 36f0ky
. . __ afo(HY)?
and m(/,:()‘ implying that c = 1272
B _afo(HOR41222 | d K&, = 1 —4ed?)?
n — O, g(f- }’]) — 6]c1f0(H(0))2—12112| -+ 3 an R.¢p 1272

8 '
The first relation 7 (myr* + 1)F(myRg)e ™" < 0.008;

-1

hence the constraint on myimposed from GPB1is |y ~ 7.1 x10™ m

whereas the LARES experiment implies |, y>1.2x107° m™!

A bound simalar to the one obtained earlier by using binary pulsars, or the

GPB data.

A more stringent constraint is obtained using torsion balance experiments

Results from laboratory experiments designed to test the fifth force gives the
constraint  my > 10f m™!



Experimental constrains

In conclusion, using data from the Gravity Probe B and LARES maissions, we
obtain constraints on my.

Using the stronger constraint for my, namely my > 10 m™1, we observe that the
modifications to the orbital parameters induced by Non-Commutative Spectral
Geometry are indeed small, confirming the consistency between the predictions of
NCSG, as a gravitational theory beyond GR, and Gravity Probe B

and LARES measurements

Thas results show that space-based experiments can be used
to test extensively parameters of fundamental theories
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Conclusions

Jeni Lee: Casa Blanca Sq I, 2013
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Conclusions

In the context of ETGs, we have studied the linearized field equations in the limit of weak
gravitational fields and small velocities generated by rotating gravitational sources, aimed
to constrain the free parameters, which can be seen as effective masses (or lengths).

The precession of spin of a gyroscope orbiting around a rotating gravitational source can be
studied.

Gravitational field gives rise, according to GR predictions, to geodesic and Lense-Thirring
processions, the latter being strictly related to the off-diagonal terms of the metric tensor
generated by the rotation of the source

The gravitational field generated by the Earth can be tested by Gravity Probe B and LARES
satellites. These experiments tested the geodesic and Lense-Thirring spin precessions with
high precision.

The corrections on the precession induced by scalar, tensor and curvature corrections can
be measured and confronted with data.
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Conclusions

Considering an almost circular orbit, the Gauss equations can be integrated. The variation
of the parameters at first order with respect to the eccentricity can be obtained.

It is possible to show that the induced EG effects depend on the effective masses my, my and
m ,, while the non validity of the Gauss theorem implies that these effects also depend on

the geometric form and size of the rotating source.

Requiring that the corrections be within the experimental errors, we then imposed
constraints on the free parameters of the considered EG model. Merging the experimental
results of Gravity Probe B and LARES, our results can be summarized as follows:

g(& 1) (mgkgr* + 1)F(mgkgRg)e ek
[1/3 = g(&.n)](mgkyr* + 1)F (mgkyRq) e~ ks

+
8 ¥
2 (myr® + DF (myRg)e™™" 5 0,008,

and my21.2 X 106m™!

45



Conclusions

The field equation for the potential A, is time independent provided the potential @ is time
independent.

This aspect guarantees that the solution does not depend on the masses my and m  and, in
the case of f (R, ¢). gravity, the solutions the same as in GR

%

In the case of spherical symmetry, the hypothesis of a radially static source is no longer
considered, and the obtained solutions depend on the choice of f (R, ¢) ETG model,

since the geometric factor F(x) is time dependent.

Hence in this case, gravitomagnetic corrections to GR emerge with time-dependent sources

The case of Non-commutative Spectral Geometry deserves some remarks:

This model descends from a fundamental theory and can be considered as a particular case
of ETGs;

Its parameters can be probed in the weak-field limit and at local scales, opening new
perspectives for fundamental physics and astronomy by satellites.
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