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Today:  we will consider purely gravitational hair, as it is 
relevant for the Schwarzschild black hole.

Slightly different definition of hair:
(Almost) degeneracy of the black hole metrics (vacua).

Infinite classical hair:  non-uniqueness of the black hole 
metric:
New kind of event horizon supertranslations provide an 
infinite family of black holes metrics:

δA gBH

µν = g̃BH

µνA - supertranslations:

     Infinitely many massless Goldstone modes   
       ⇒   infinite classical black hole entropy:

Sclass =∞ QAclass = 0

The      - supertranslation group is spontaneously broken.A
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Finite quantum hair: non-uniqueness of finitely many 
almost degenerate black hole vacua:

T A |BH� = |�BH�

- supertranslations generators generate transitions 
among the black hole vacua:

A

⇒   finite quantum hair.QAq.m. �= 0, Sq.m. = N

Finitely many charges which correspond to finitely many 
pseudo Goldstone modes.

Montag, 15. Februar 16



6

Semiclassical limit:

Schwarzschild radius: rS ≡ 2GNM

Planck length: L2
P ≡ �GN

Entropy: S ∼ N =
r2
S

L2
P

Classical limit:

� = finite, rS = finite, GN → 0, M →∞

�→ 0 , M = finite, rS = finite
N →∞}       

II) Gravitational Black Hole Hair from Event 
    Horizon Supertranslations [G. Dvali, C. Gomez, D.L. arXiv.1509.02114;

A. Averin, G. Dvali, C. Gomez, D.L., arXiv:1601.03725;
related work: S. Hawking, arXiv:1509.01147;

S. Hawking, M. Perry, A. Strominger, arXiv:1601.00921]Some basic definitions:
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Note that Minkowski space can be regarded as the 
near horizon limit of the Schwarzschild geometry, 
obtained in the limit                 .  

In quantum language it means that the corresponding 
Minkowski vacua are infinitely degenerate and can be   
regarded as coherent state of infinitely many gravitons 
with zero momentum:

T BMS
−

|Min� = |�Min�

[G. Dvali, C. Gomez, D.L., arXiv:1509.02114]

rS →∞
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Schwarzschild metric in (infalling) Edington - Finkelstein 
coordinates:

ds2 = −(1− rS

r
)dv2 + 2dvdr + r2dΩ2

v = t + r∗ dr∗ = (1− rS

r
)−1dr

Supertranslations:

ζµ = (f, A,B,C)

Diffeomorphisms that correspond to vector fields

with δfgµν = g̃µν
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Horizon supertranslations contain a part which cannot 
be compensated by standard BMS-supertranslations.

Belong to the factor space:

These transformations are intrinsically due to the 
presence of the horizon.

χµ
f = ζµ

f − ηµ
f

= (0, 0,− 1
rS

∂f

∂ϑ
,− 1

rS sin2 ϑ

∂f

∂ϕ
)

Compare supertranslations on       and on        :I− H

A ≡ BMSH/BMS− :

(iii)     - supertranslations:   microstates of black hole:A
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The corresponding fluctuations of the metric correspond 
to physical massless modes of the black hole:

δχf gµν =





0 0 0 0
0 0 0 0
0 0 −2r2 1

rS

∂2f
∂ϑ2 −2r2 1

rS
( ∂2f

∂ϑ∂ϕ − cot ϑ ∂f
∂ϕ )

0 0 ∗ −2r2 1
rS

( ∂2f
∂ϕ2 + sin θ cos ϑ∂f

∂ϑ )





They correspond to gravitational waves along 
the horizon with infinite wave length.

We call them gapless Bogoliubov     - modes.A

⇒   Massless Goldstone modes of      - supertranslations.A
•   They keep the  ADM mass of the black hole invariant .

•  The are solutions of the full non-linear Einstein equations.
(A. Gußmann)
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Now we return to the black hole:

How does the quantum hair become finite?

How many angular Bogoliubov modes must be 
counted as information carriers? 

T A |BH� = |�BH�

The      - supertranslation generators  transform one black 
hole vacuum into another one:

A

,  N become finite !Finite number of quantum hair:

Finite number of non-zero charges

S

QAq.m.

Charges          measure the capacity to resolve the hair.QAq.m.
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Black hole:  bound state of N soft gravitons at a 
quantum critical point.

•  Finite energy gap between the different black hole vacua.

Need microscopic quantum picture for black hole:

[G. Dvali, C. Gomez, 2011]

A  - supertranslations  are explicitly broken.

  Bogoliubov excitations    =     pseudo Goldstone bosons.

⇒         

Goldstone modes acquire a mass.
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Construction of        - charges and black hole vacua:A

Black hole vacua: coherent state of Bogoliubov modes:

|BH� ≡ |N� ∼ e
−

P
lm

√
nlm(b̂lm−b̂†lm)|0�

In quantum theory the      - modes  correspond to 
the following operator valued functions:

A

δχf ĝµν(ϑ,ϕ) =
�

l,m

�
b̂lmYlm(ϑ,ϕ)e−ivωlm + b̂†lmY ∗

lm(ϑ,ϕ)eivωlm

�

Q̂Alm ∼ ∂v

�
δχf ĝµν(v, ϑ,ϕ)

�
= −i

�
�ωlm

�
e−iωlmv b̂lm − eiωlmv b̂†lm

�
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Now it follows that 

For finite N, the charges are non-vanishing, since 

How many charges are there?

⇒ lmax ∼
√

N

−l ≤ m ≤ l ⇒
These charges should be preserved during the 
Hawking radiation.

There exist               different charges. l2 = N

The energy gap can be estimated as                             .  ∆E ∼ l2

N2

�
rS

ωlm ∼ ∆E ≤ 1
N

QA
lm = �N |Q̂A

lm|N� ∼
�

�ωlmnlm ∼ 1
N
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What is the corresponding entropy?

This is in agreement with the Bekenstein Hawking entropy. 

Each Bogoiubov qubit  carries (at least) one 
bit of information.

⇒    The number of states is         .2N

   ⇒   Entropy S ∼ N

There exist              different  Boguliubov modes        .blml2 = N
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Solutions:

BMSH : ζµ
f =

�
f(ϑ,ϕ), 0,

∂f

∂ϑ
(
1
r
− 1

rS
),

1
sin2 ϑ

∂f

∂ϕ
(
1
r
− 1

rS
)

Variation of metric:

δζf gµν =





0 0 −(1− rS
r )∂f

∂ϑ −(1− rS
r ) ∂f

∂ϕ

0 0 0 0
∗ ∗ 2r2( 1

r −
1

rS
)∂2f

∂ϑ2 2r2( 1
r −

1
rS

)( ∂2f
∂ϑ∂ϕ − cot ϑ ∂f

∂ϕ )
∗ ∗ ∗ 2r2( 1

r −
1

rS
)( ∂2f

∂ϕ2 + sinϑ cos ϑ∂f
∂ϑ )
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Boundary conditions:

The supertranslations should preserve the structure of 
the metric at the horizon:

f |r=rS = f(θ,φ) ,

A|r=rS = B|r=rS = C|r=rS = 0

    ⇒   DGL‘s
∂f

∂r
= 0 ,

∂A

∂r
= 0 ,

∂

∂r
(r2B) +

∂f

∂ϑ
− 2rB = 0 ,

∂

∂r
(r2 sin2(ϑ)C) +

∂f

∂ϕ
− 2r sin2(ϑ)C = 0.

(i)  Supertranslations at the horizon      :H
[see also: S. Hawking, arXiv:1509.01147; M. Perry, talk 2015;
S. Hawking, M. Perry, A. Strominger, arXiv:1601.00921;
L. Donnay, G. Giribet, H. Gonzales, M. Pino, arXiv:1511.08687
M. Blau, M. O‘ Loughlin, arXiv:1512.02858]

Furthermore we require that δfgrµ = 0
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(ii)  Standard BMS supertranslations at       :

Diffeomorphisms that preserve the structure of the 
metric at past null infinity.

There are usually considered in Bondi coordinates.

For the Schwarzschild metric they are generated by 
the following vector fields:

BMS− : ηµ
g =

�
g(ϑ,ϕ), 0,

∂g

∂ϑ

1
r
,

1
sin2 ϑ

∂g

∂ϕ

1
r

�

I−
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Variation of black hole metric:

δηggµν =





0 0 −(1− rS
r ) ∂g

∂ϑ −(1− rS
r ) ∂g

∂ϕ

0 0 0 0
∗ ∗ 2r ∂2g

∂ϑ2 2r( ∂2g
∂θ∂ϕ − cot ϑ ∂g

∂ϕ )
∗ ∗ ∗ 2r( ∂2g

∂ϕ2 + sin θ cos ϑ ∂g
∂ϑ )




.

Infinite family of flat Minkowski metrics.

They even act non-trivially on Minkowski space-time:
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